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I. The Kramers-Henneberger states of H in ultra-intense XUV laser pulses

The time-dependent Schrödinger equation (TDSE) for H atom exposed to a XUV laser
pulse in the velocity gauge is written as (atomic units are used unless otherwise stated):

i
∂Ψ(r, t)

∂t
=

(
1

2
p2 + AXUV(t) · p + V (r)

)
Ψ(r, t), (s1)

where AXUV(t) is the vector potential of the XUV pulse, and V (r) = −1/r is the Coulomb
potential of the H atom. By the unitary transformation ΨKH(t) = exp[iα(t) · p]Ψ(r, t),
the Hamiltonian in Eq. s1 is transformed to the Hamiltonian in Kramers-Henneberger (KH)
frame [1], which is written as

HKH =
1

2
p2 + V (r +α(t)), (s2)

where, α(t) = −
∫ t

AXUV(t′)dt′ is the excursion amplitude of a free electron in the XUV
pulse. For the linearly polarized monochromatic laser pulse, the excursion amplitude is
written as α(t) = α0 sin(ωt). The electrons dynamics in the high-frequency regime can be
described by expanding the laser-dressed Coulomb potential as

V (r +α(t)) =
∑
n

Vn(r;α0)e−inωXUVt. (s3)

Here, Vn(r;α0) =
∫ 2π

0
einχV [r +α(χ/ωXUV)]dχ/(2π) is the Fourier components of the time-

dependent potential. The Hamiltonian can be divided into time-independent H0 and time-
dependent HI terms as

HKH =
1

2
p2 + V0(r;α0)︸ ︷︷ ︸

H0

+
∑
n6=0

Vn(r;α0)e−inωt︸ ︷︷ ︸
HI

. (s4)

The KH states are the eigenstates of the Hamiltonian H0. HI determines the ionization of
the KH states by the XUV pulse. V0(r;α0) is referred as the KH potential.

In Fig. S1(a), we show the KH potential with α0 =0, 1, 3, 6, 15 a.u. (the XUV pulse is
polarized along z axis, i.e., α0 = AXUV/ωXUVez, where AXUV is the amplitude of the vec-
tor potential of the XUV field). It shows that the dressed potential shows the double-well
structure and the wells of the potential locate at ±α0. The eigenstates and eigenenergies for
the laser dressed potential in KH frame are obtained by diagonalization of the Hamiltonian
matrix of H0 in Lagrange interpolating polynomials basis. Figure S1(d) shows the eigenen-
ergies of the ground 1sσg and excited 2sσg states. It shows that the binding energies of the
KH states are substantially lower than those of the field-free potential. The wavefunctions
of 1sσg and 2sσg states are shown in Figs. S1(b) and S1(c), respectively. For the 1sσg state,
as α0 increases, the wavefunction is stretched by the laser pulses and the wavefunction will
show dichotomy-like structure as α0 further increases. For the 2sσg state, the wavefunctions
evolve from doughnut-like structure to three-lobe structure as α0 increases.
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FIG. S1: (a) The dressed potential V0(r;α0) for α0 =0, 1, 3, 6, 15 a.u. (b) The wavefunction

|Ψ(y, z)|2 of the 1sσg state for the dressed potential shown in (a). (c) Same as (b) but for the

2sσg state. Note that the coordinate range for α0 =15 a.u. is different from other figures. (d) The

eigenenergies of Hamiltonian H0 in Eq. s4 as a function of α0 for 1sσg (blue line) and 2sσg (yellow

line) states. The symbols are the results from previous work [2].

For the pulsed fields, the effect of the pulse envelope can be included by considering the
envelope of the quantity α0 [3]

α0 =
AXUV

ωXUV

ez → α0(t) = α0(t)ez =
AXUV

ωXUV

fXUV(t)ez, (s5)

where fXUV(t) is envelope of the laser pulse. In this case, the laser dressed potential
V0(r;α0(t)) evolves with the envelope of the laser pulse. For a laser pulse with slowly
varying envelope, the electron adiabatically stays in the ground KH state. The electron
wavefunction is stretched along the laser polarized direction during the rising edge of the
laser pulse and then recovers to the atomic wavefunction when the laser field is falling off, as
shown in Fig. 1 of the main text. For the laser pulse with rapid ramp, this time-dependent
dressed potential induces nonadiabatic transition among different KH states [4].

II. Numerically Solving TDSE

2.1 Numerical Method

We obtain the photoelectrons momentum distributions (PEMDs) by numerically solving
the three-dimensional (3D) TDSE. In previous studies [5, 6], the authors studied the atomic
electron structure in the intense high-frequency laser pulses in the KH frame, which signif-
icantly saved the computational cost. In our work, we aimed at the electronic dynamics in
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the pulsed field. It is more convenient to solve the TDSE in the laboratory frame.
In the laboratory frame, the TDSE with the dipole approximation in the velocity gauge

is written as

i
∂Ψ(r, t)

∂t
=

(
1

2
p2 + A(t) · p + V (r)

)
Ψ(r, t), (s6)

where, V (r) = −1/r is the Coulomb potential of the H atom. The laser field is described as

A(t) = AIR(t+ τ) + AXUV(t)

= AIR(t+ τ)ez + AXUV(t){cos θez + sin θey},
(s7)

where,

AXUV(t) = AXUV exp

[
−2 ln 2(

t

FWHM
)2
]

cos(ωXUVt), (s8)

and

AIR(t+ τ) = AIR cos

(
π
t+ τ

3TIR

)2

sin[ωIR(t+ τ)], (s9)

are the vector potentials of the XUV pulse and IR pulse, respectively. The XUV and IR
pulses are both linearly polarized. τ is the time delay between the IR field and the XUV
pulse. θ is the angle between the polarization directions of the XUV and IR pulse. In our
calculation, AXUV = 9.74 a.u. and ωXUV = 3 a.u. are the amplitude of the vector potential
and center frequency of the XUV pulse, which corresponds to the intensity of 3 × 1019

W/cm2. The full width at half maximum (FWHM) of the XUV pulse equals 10 cycles (∼
0.5 fs). The wavelength and the intensity of the IR field are 2400 nm and 1× 1014 W/cm2,
respectively. The time delay τ between the XUV and IR pulses equals 0.67 fs. The electric
field and the vector potential of the IR field is sketched in Fig. S2(f).

In our simulation, the TDSE in Eq. s6 is solved in the spherical coordinates, in which the
wavefunction Ψ(r, t) is expanded by spherical harmonics |l,m〉,

|Ψ(r, t)〉 =
∑
l,m

Rl,m(r, t)

r
|l,m〉 , (s10)

where Rl,m(r, t) is the radial part of the wavefunction. This radial wavefunction is discretized
by the finite-element discrete variable representation (FE-DVR) method [11]. The angular
quantum number l and magnetic quantum number m are chosen up to 250 and 30, respec-
tively. The time propagation of the TDSE is calculated by the split-Lanczos method [11]
with the time step fixed at ∆t = 0.01 a.u.. The maximal box size for the radial coordinate is
chosen to be 600 a.u.. An absorbing function has been applied in each step of time propaga-
tion of the wavefunction, which is written as F (r) = 1−1/(1+e(r−Rc)/L) with Rc = 500 a.u.
and L = 2 a.u.. The wavefunction Ψ(r, t) is split into the inner part Ψin(r, t) = Ψ(r, t)F (r)
and the outer part Ψout = Ψ(r, t)−Ψin(r, t) by the absorbing function. The inner wavefunc-
tion evolves strictly as TDSE, while the outer part Ψout is propagated by Coulomb-Volkov
propagator [11]. The convergence of our calculations has been confirmed by changing these
parameters in our calculations. The initial wavefunction is prepared by the imaginary-time
propagation which is chosen as the ground state of H atom. The ionization amplitude is
extracted from the final wavefunction by projecting it to the scattering states,

M(p) = 〈Ψp(r)|Ψ(r, t)〉 . (s11)
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FIG. S2: (a), (c), and (d) PEMDs from the ionization by the XUV, IR and XUV-IR pulses,

respectively, which is obtained by numerically solving the TDSE with dipole approximation. The

FWHM for XUV pulse is 10 cycles. The XUV and IR pulses are both polarized along z axis.

(e) PEMD from the ionization by the XUV-IR pulses obtained by numerically solving the TDSE

with nondipole correction. (b) Artificial shift of the PEMD in (a) by amount of −AIR(τ)ez. (f)

The electric field and vector potential of the IR field used in our calculation. The green solid line

shows the time-dependent excursion amplitude α(t) = AXUV/ωXUVfXUV(t) of the XUV pulse. The

shadow area indicates the time window of the tunneling ionization of the laser distorted atom.

Here, Ψp(r) is the scattering state of H, which is normalized by
∫
drΨ∗p(r)Ψp′(r) = 2πδ(p−

p′).
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2.2 PEMDs obtained by numerically solving TDSE

The PEMDs obtained by numerically solving TDSE are shown in Fig. S2. Figures S2(a)
and S2(c) show the PEMDs from the ionization of H by the XUV and IR field alone,
respectively. Figure S2(d) shows the PEMD from ionization by XUV-IR pulses with θ = 0◦.

The comparison between Figs. S2(c) and S2(d) indicates that the obtained signal for the
XUV-IR pulses is orders of magnitude higher than that for IR filed alone and the signal
is concentrated in pz < 0. This is because the ultra-intense XUV pulse greatly lowers the
ionization potential of the atom as shown in Fig. S1(d), and thus the tunneling ionization
rate during the quarter cycle where the IR and the XUV pulses overlap is much higher than
that of the IR field alone.

The XUV field also induces ionization through one- and few-photon absorption, as shown
by the ring-like structures in Fig. S2(a). In the XUV-IR pulses, the final momentum distribu-
tions of the photoelectrons ionized by the XUV pulse are shifted with amount of −AIR(τ)ez

by the IR field. Figure S2(b) illustrates an artificial shift of the PEMD in Fig. S2(a) by
amount of −AIR(τ)ez. It indicates that the signal due to the absorption of one and two
XUV photons in the XUV-IR field is separated from the distribution of tunneling ioniza-
tion by the IR field. Moreover, the amplitude of the signal generated by the XUV pulse is
much lower than that for tunneling ionization from the distorted atom. Thus, the PEMD in
Fig. S2(d) is dominated by the signal due to the tunneling ionization by the IR field during
the quarter cycle where the XUV pulse locates.

We note that in real experiments the interference structures in the PEMDs are usually
invisible because of the laser focal volume effect. However, the nearly horizontal holographic
fringes we focused on is still visible and it has been observed and analyzed in many experi-
ments.

2.3 Nondipole effect

The nondipole effect is not considered in our work. Previous works show that the
nondipole effect could induce a shift of the PEMD along the laser propagation direction
[7–9]. But it will not affect the PEMD in the plane perpendicular to the propagation direc-
tion [10]. In our study, we only need the PEMD in this plane. We calculate the PEMD with
the nondipole correction by numerically solving the TDSE with the first order nondipole
correction, which is written as [9, 10]

HND =
1

2
p2 + V (r) + A(t) · p +

1

c
(k · r)[A(t) · F(t)] +

1

c
(k · r)F(t) · p. (s12)

Here F(t) = −dA(t)/dt is the electric field of the laser pulse, and k is the unit vector in
the direction of the laser propagation. Figures S2(d) and S2(e) show the PEMDs from the
ionization by the XUV-IR pulses obtained by numerically solving the TDSE with dipole
approximation and nondipole correction, respectively. The nondipole effect does not affect
the PEMD in the plane perpendicular to the propagation direction. So, the results of this
study based on the PEMDs from the dipole approximation is valid.
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III. Strong-field photoelectron holography in tunneling ionization

The holograms in the PEMDs originate from the interference of the direct and the rescat-
tering electron wave packets (EWPs) of strong-field tunneling ionization. With the adiabatic
theory [12], it is written as

M2(p) = |Md(p) +Mr(p)|2

= |Md(p)|2 + |Mr(p)|2 + 2|Md(p)||Mr(p)| cos(∆ϕ),
(s13)

whereMd(p) andMr(p) are the ionization amplitudes of the direct and rescattering EWPs,
respectively. ∆ϕ is the phase difference between the direct and rescattering EWPs.

The amplitude of the direct EWP is given by [13]

Md(p) =
√

2π
∑
i

A(p⊥; ti0)√
|EIR(ti0)|

eiS(ti0,p)−is0(ti0), (s14)

where

S(t,p) =
1

2
p2⊥t+

1

2

∫ t

0

[pz + AIR(t′)]2dt′, (s15)

s0(t) =

∫ t

−∞
E0(t

′)dt′, (s16)

and
A(p⊥; ti0) = |A(p⊥; ti0)|eiφi(p⊥;ti0) (s17)

is the transverse momentum distribution amplitude (TMDA). Here, EIR(t) = −dAIR/dt is
the electric field of the IR filed. E0(t) is the time-dependent binding energy of the bound
state.

The amplitude of the rescattering EWP is written as

Mr(p) =
√

2π
∑
ir

A(0; ti0)f(k,Θ)√
|(tr − ti)3EIR(ti)S

′′
r |
eiS(tr,p)−iS(tr,ti)−is0(ti), (s18)

where

S(tr, ti) =
1

2

∫ tr

ti

[AIR(t)− AIR(ti)]
2dt. (s19)

Here f(k,Θ) = |f(k,Θ)|eiσ(k,Θ) is the scattering amplitude at the incident momentum k and
scattering angle Θ, and σ(k,Θ) is the phase of the scattering amplitude. S

′′
r = −EIR(tr)[pz+

AIR(ti)] + k2/(tr − ti).
In Eqs. s14 and s18, ti0 and ti are the ionization time of the direct and rescattering

electrons, respectively. tr is the rescattering time. k is the incident momentum. All of
these quantities can be obtained by the saddle point equations [13]. For the near-forward
rescattering photoelectron holography, the ionization time of the direct and rescattering
electrons are approximately the same, i.e. ti0 ≈ ti [13]. In our study, we do not need to
calculate these quantities.

Note that in our work we focus on the PEMDs at the plane px=0, and thus the transverse
momentum p⊥=py. In the following equations, we have changed p⊥ to py.
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FIG. S3: (a) Two wavefunctions in the position space with a shift of y0. (b) The corresponding

wavefunctions in momentum space. The solid lines and the dashed lines are the modulus (left axis)

and the phase (right axis) of the wavefunctions, respectively.

From Eqs. s14 and s18, the phase difference between the direct and rescattering EWPs
is written as

∆ϕ(py; pz) =
1

2
p2y(tr − ti) + σ(k,Θ) + [φi(0; ti)− φi(py; ti)]. (s20)

It indicates that the phase difference ∆ϕ(py; pz) has three contributions. The first term
accounts for the phase difference of the direct and rescattering electrons accumulated during
the propagating in the laser fields after tunneling ionization. The second term is the phase
of the scattering amplitude, and it is symmetric about the laser polarization direction for
atoms.

The third term originates from the phase of the TMDA. In the adiabatic approximation,
the initial transverse momentum of the direct and the rescattering electrons are py and 0,
respectively. The third term accounts for the initial phase of the TMDA. It is the center of
our work. For atoms, the phase of the TMDA is nearly constant, i.e., φi(0; ti) = φi(py; ti),
and thus the third term in Eq. s20 is absent. However, in our study, the third term is nonzero
in the following two cases.

(i) When the atom is stretched by the intense XUV pulse and the angle between the
polarization directions of the XUV and the IR fields is nonzero [see the Fig. 1(b) of our
main text], the transverse launching position of the tunneling EWP is nonzero. Then, there
is a linear phase distribution in the TMDA. This is because the PEMD from tunneling can
be approximately considered as the Fourier transform of the tunneling EWP in position
space [14]. According to the delay theorem of Fourier transformation, a shift of position of
the EWP corresponds to a linear phase in the momentum distribution,

F [Ψ(y − y0)] = e−iy0pyF [Ψ(y)], (s21)

as shown in Figs. S3(a) and S3(b). Therefore, the phase of the TMDA linearly depends on
the initial transverse momentum of tunneling,

φi(py, ti) = −y0py. (s22)

where y0 is the initial transverse displacement of the tunneling EWP. Then the phase dif-
ference in Eq. s20 in this case is written as

∆ϕ(py; pz) =
1

2
p2y(tr − ti) + σ(k,Θ) + y0(ti)py. (s23)
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Thus, by extracting the third term of Eq. s23 from the asymmetric hologram in the PEMD,
we could retrieve the initial transverse displacement y0 of the tunneling EWP, which reveals
how long the atomic wavefunction is stretched at the instant of tunneling ionization.

Note that the transverse displacement of the tunneling EWP for the stretched atomic
wavefunction is always zero when the XUV polarization direction is parallel or perpendicular
to the IR field. To monitor the evolution of the deforming wavefunction, the angle between
the polarization directions of the XUV and IR fields should not be 0◦, or 90◦. In our work,
we choose the angle of 45◦.

(ii) When the electron stays in the superposition state, the TMDA of tunneling ionization
will show a nontrivial phase distribution. For simplicity, we consider the electron stays at
the superposition of the two states |1sσg〉 and |2sσg〉,

Ψ(t) = C1(t) |1sσg〉 e−i
∫ t
−∞ dt′E1sg + C2(t) |2sσg〉 e−i

∫ t
−∞ dt′E2sg . (s24)

The coefficients Cn(t) can be written as Cn(t) = cn(t) exp(−iεn(t)). Without loss of gener-
ality, we assume the εn(t) is the phase of Cn(t) and thus cn(t) is a real quantity. Then, the
electron wavefunction is written as

Ψ(t) = e−i[ε1(t)+
∫ t
−∞ dt′E1sg ]

[
c1(t) |1sσg〉+ c2(t) |2sσg〉 eiδ(t)

]
, (s25)

where

δ(t) =

∫ t

−∞
dt′E1sg −

∫ t

−∞
dt′E2sg + ε1(t)− ε2(t), (s26)

is the phase difference between these two states. The global phase before the square bracket
in Eq. s25 is irrelevant to our results, and we discard it in the following formulas. The
electron wavefunction can be written as Ψ(t) = c1(t) |1sσg〉+ c2(t) |2sσg〉 eiδ(t). The TMDA
for tunneling ionization from this superposition state is written as

A(py; ti) = c1(ti)A1(py) + c2(ti)A2(py)e
iδ(ti), (s27)

where A1(py; ti) and A2(py; ti) are the TMDAs for the 1sσg and 2sσg state, respectively. In
this case, the third term in Eq. s20 is nozero, and we have

φi(py; ti) = arg[c1A1(py; ti) + c2A2(py; ti)e
iδ(ti)]. (s28)

It indicates that the information of the superposition state is encoded in the phase φi(py; ti).
So, by extracting this phase from the hologram in PEMD, we could obtain the information
of the nonadiabatic transition in the XUV pulses.

IV. The procedure of extracting phase from the hologram in the PEMDs

In this section, we present the technical details in retrieving the phase from the PEMDs.
In Figs. 2(d) and 2(e) of our main text, we show two cuts of the PEMD. We fit the cuts by
the function [13]

e−f(py)[1 + g(py) cos ∆ϕ]. (s29)
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FIG. S4: (a) cos ∆ϕ extracted from Fig. 2(c) of main text for py > 0. (b) Same as (a) but for

py < 0. (c) The phase ∆ϕ+ obtained from (a). (d) Same as (c) but for ∆ϕ−. (e) The phase

difference ∆ϕ+ −∆ϕ− obtained from (c) and (d).

Here, f(py) describes the background contribution and is determined by fitting the logarithm
of the PEMD by a polynomial. Then dividing the cut by e−f(py), we obtain an oscillating
function with a smooth envelope g(py), which is again fitted by a polynomial. Then, the
remaining interference factor cos ∆ϕ(py; pz) obtained, which is bounded between -1 and
+1. From the retrieved cos ∆ϕ(py; pz), the phase ∆ϕ(py; pz) is obtained. In practice, we
separately calculate the phase ∆ϕ(py; pz) for py > 0 and py < 0, which are denoted as
∆ϕ+(py; pz) and ∆ϕ−(py; pz), respectively. We repeat the above procedure for each pz in
the momentum range we interested in. The obtained cos ∆ϕ from the PEMD in Fig. 2(c) of
the main text for py > 0 and py < 0 are shown in Figs. S4(a) and S4(b), respectively. The
corresponding ∆ϕ± are shown in Figs. S4(c) and S4(d).

Then, we subtract ∆ϕ+(py; pz) by ∆ϕ−(py; pz). Because the first and second terms in
Eq. s20 are exactly symmetry with the axis py = 0, we have

∆ϕ+(py; pz)−∆ϕ−(py; pz) = 2y0(ti)|py|. (s30)

The phase difference ∆ϕ+(py; pz)−∆ϕ−(py; pz) obtained from Figs. S4(c) and S4(d) is dis-
played in Fig. S4(e).

V. Watching the adiabatic evolution

As addressed in the main text, because the first and second terms in Eq. s23 are exactly
symmetric with the axis py = 0, the difference between ∆ϕ+ and ∆ϕ− in Fig. S4(e) can be
written as

∆ϕ+ −∆ϕ− = y0(ti)py − y0(ti)(−py) = 2y0(ti)py. (s31)

It indicates that the slope of the phase difference ∆ϕ+ − ∆ϕ− reveals the transverse dis-
placement y0 of the tunneling EWP. We fit the phase difference ∆ϕ+ −∆ϕ− in Fig. S4(e)
at each pz and transfer pz to the ionization time through pz = −AIR(ti + τ), we obtain the
displacement evolution, as shown in Fig. 3(e) of the main text. This displacement directly
relates to the shape of the stretched wavefunction through the quantity ym, which is the
position of the maximum of the cut of wavefunction near the longitudinal tunneling exit.
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FIG. S5: (a) The wavefunction in the laboratory frame at α = 3.25 obtained by Eq. s32. (b) The

cuts of the wavefunction at z ∈ (4, 8). (c) The position of the maximum ym as a function of time

at different values of z. The colors of lines in (b) and (c) correspond to the colors in (a).

.

To check the accuracy of our method, we monitor the stretching electron wavefunction
in our numerical calculations. In doing this, we first calculate the eigenstates of H0 (see Eq.
s4) as a function of α0 and then transfer the obtained ground-state wavefunctions in the KH
frame to the laboratory frame through [2]

ΨLab(r) =
1

TXUV

∫ TXUV

0

ΨKH(r− α0 cosωXUVt{cos θez + sin θey}). (s32)

Then, the (XUV) cycle averaged electron wavefunction in the laboratory frame is obtained.
An example of the obtained ground state wavefunction in the laboratory frame at α0 = 3.25
a.u. is shown in Figs. S5(a).

With this wavefunction, we could trace the quantity ym. The longitudinal tunneling
exit position could be approximately estimated with −Ip(ti)/EIR(ti), where Ip(ti) is the
instantaneous ionization potential of the deforming potential and EIR(ti) is the electric field
of the IR field. For the laser parameters in our calculations, the longitudinal tunneling exit
position is of about 4∼6 a.u. So, we take the cut of the electron wavefunction at z=4 a.u.
in our main text. The position of the maximum ym is shown as the solid line in Fig. 3(e) of
the main text.

In fact, the obtained ym is not sensitive to the longitudinal position where we
take the cut. In Fig. S5(b), we show several cuts of the electron wavefunction at different
values of z. Obviously, the position of the maximum does not depend on where the cut is
taken. We trace ym as a function of time at different values of z. The results are shown in
Fig. S5(c). The value of ym does not depend on where we take the cut.

VI. Watching the nonadiabatic transition

As the duration of the XUV pulse decreases, nonadiabatic transition due to the fast
changing envelope becomes significant. Figure S6(a) displays the PEMD from the ionization
in a shorter XUV laser pulse alone, where the FWHM of the XUV field is five XUV cycles.
The laser parameters for the XUV pulse are the same as those in Fig. 4(a) of the main
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text. The low-energy electrons appearing in the PEMD are generated by the nonadiabatic
transition due to the short pulse duration of the laser pulse [15]. In this case, nonadiabatic
transition between different KH states also occurs. The time-dependent populations of the
excited states for the nonadiabatic transition from the ground state can be calculated by
the time-dependent Floquet Hamiltonian approach [4, 10] as [see Eq. 15 in Ref. [10]]

Cn(t) = −
∫ t

−∞
dτ 〈φn|

∂

∂α0

|1sσg〉
∂α0

∂τ
e−i

∫ τ dτ ′(Eg−En), (s33)

where φn and En are the wavefunction and binding energy of the excited states, respectively.
Eg is the binding energy of the ground state .

The populations |Cn|2 for the first several excited states obtained by Eq. s33 are displayed
in Fig. S6(b). It shows that the populations of 2pσu and 3pσu states are zero, due to the
fact that nonadiabatic transition only occurs between the states with the same parity. The
population for the 2sσg state can reach as high as thirty percents, while the populations for
the other excited states are negligibly small. So, in our work, we only consider 1sσg and
2sσg states.

As indicated by Eq. s28, the information of the superposition state is encoded in the
SFPH by the phase φi(py, ti). We could obtain the TMDAs of each state through the partial
Fourier transformation [14],

Ai(py; ti) = F [ψi(y, z0)]
√
κi

(
2κ2i

EIR(ti)z0

)1/κi

exp

(
− κ3i

3EIR(ti)
− κip

2
x

2EIR(ti)
+ κiz0

)
, (s34)

where κi =
√
−2Ip(ti) and Ip is binding energy of the bound states. ψi(y, z0) is the cut of

wavefunction at z0. z0 corresponds to the position of the local maximum of the combined
Coulomb and laser-field potentials [14]. Here i = 1, 2 are for the 1sσg and 2sσg states,
respectively.

As an example, we show the TMDAs of the 1sσg (blue lines) and 2sσg (red lines) states
for ti = 0 (where α0=3.25 a.u.) in Fig. S7(a). There is a π phase jump for the TMDA

FIG. S6: (a) PEMD from ionization by the XUV pulse with FWHM=5TXUV. The other laser

parameters for the XUV pulse are the same as those in Fig 4(a) of the main text. (b) The time-

dependent populations of the excited states obtained by Eq. s33. The laser parameters are the

same as those in (a). The different lines represent the results for the different excited states.
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FIG. S7: (a) TMDAs of the 1sσg (blue lines) and 2sσg (red lines) states for ti = 0, i.e., α0=3.25 a.u.

for the laser parameters in our calculations. The solid and dashed lines represent the modulus and

phase of the TMDAs, respectively. (b) The TMDA for the superposition state with c2/c1 = 0.4.

The solid and dashed lines represent the modulus and phase of the TMDA, respectively. The lines

with different colors represent the results for different phase δ. (c) The phase of the TMDA for the

superposition state with c2/c1 = 0.4 for various δ.

of the 2sσg state, and it is always zero for 1sσg state. To explain how the TMDA of the
superposition state depends on the relative phase of the two occupied states, we shows an
example of the TMDA (Eq. s27) of the superposition state with c2/c1 = 0.4 at various phase
difference δ between the two states as display in Fig. S7(b). It shows that the phases are
smooth functions of py except δ = π, where there is a phase jump for the phase of the
TMDA. This phase jump of the TMDA results in the jump of the holographic interference
phase, exhibiting as the bifurcation structures in the hologram, as shown in Fig. 4(a) of
main text. We mention that these calculations are shown just for illustrating the origin of
the bifurcation structure in the PEMDs. In our scheme we didn’t need such calculations to
extract the phase difference between the components of the superposition state.

The phase jump appears when δ = nπ (n is an integer), as indicated in Fig. S7(c). So,
the presence of the bifurcation implies the occurring of the nonadiabatic transition in the
intense XUV pulse, and the location pz of the bifurcation indicates the instant when the
phase difference between the two occupied states is nπ. As addressed in the main text, the
phase difference δ for the instant occurring the bifurcation structure is indeed close to π as
shown in Fig. 4(d) of the main text. The phase difference δ(t) is calculated by Eq. s26, in
which εi(t) = arg[Ci(t)] is obtained by Eq. s33.

Note that this bifurcation structure appears for all values of θ. At θ = 90◦, the bifurcation
is most clear, and the contribution due to the nonzero initial transverse displacement y0 of
the tunneling EWP is avoided (because y0=0 for θ = 90◦). Therefore, in the main text we
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show the PEMD at θ = 90◦ as the example.
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