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In this work, we consider a statistical theory for a cosmogonical body formation (so-called spheroidal body) to develop the
analytical models of protoplanetary formation in extrasolar systems. Within the framework of this theory, the models and
evolution equations of the statistical mechanics have been proposed, while the well-known problem of gravitational
condensation of infinite distributed cosmic substances has been solved. This paper derives the general equation of distribution
of the specific angular momentum of forming protoplanets since the specific angular momentums (for particles or
planetesimals) are averaged during a conglomeration process (under a planetary embryo formation). As a result, a new law for
planetary distances (which generalizes Schmidt’s law) is derived theoretically. This paper develops also an alternative thermal
emission of particles model of the formation of protoplanets in extrasolar systems. Within the framework of this model, the
equation for the thermal distribution function of the specific angular momentums of particles moving in elliptical orbits in the
gravitational field is derived. According to this thermal escape model, only 0.8% of the total number of particles in the solar
system composing the protoplanetary cloud has angular momentum 15.6 times higher than the angular momentum of the
remaining 99% of particles. This conclusion agrees completely with the known fact of a nonuniform distribution of the angular
momentums in our solar system noted by ter Haar. As pointed out here, the exponential laws of planetary distances occur in
some extrasolar systems.

1. Introduction

Recently, the general problems of the formation of proto-
planetary systems, the study of their dynamical behavior,
and the formation and evolution of the planets have got
additional attention form the scientific community in con-
nection with the discovery of extrasolar planets which are
among the greatest achievements of modern astronomy.

Our understanding of our place in the Universe changed
significantly in 1995 when Mayor and Queloz from Geneva
Observatory in Switzerland announced the discovery of an
extrasolar planet around a star, 51 Pegasi, similar to our
Sun [1]. Geoff Marcy and Paul Butler in the United States
soon confirmed their discovery, and the science of observa-
tional extrasolar planetology was born. The field has exten-
sively grown in recent years, reporting of numerous
planetary systems in 2022 (see http://exoplanet.eu/ and
http://exoplanets.org/). Most of these systems usually con-

tain one (or more) gas-giant planet close, or very close, to
the parent star. Nevertheless, detection of planets with
masses approximately equal to the mass of our Earth M ⊕
is evidence that there exist extrasolar planets with low
masses. In addition to obtaining important knowledge about
the formation and structure of new exoplanetary systems,
these discoveries provoke genuine interest among the scien-
tific community regarding the prospects for finding life in
the Universe.

However, the questions considered in this article deal
mainly with the problems of cosmogony and only partially
touch upon cosmology. Cosmological bodies include large-
scale space objects (for example, galaxies and their clusters)
based on the fact that cosmology is a science that studies
the properties and evolution of the Universe as a whole. In
this context, cosmogonical bodies stay for stars, protostars,
interstellar molecular clouds, planetary systems, protoplane-
tary gas-dust disks, planets, protoplanets, and natural satellites
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of planets [2]. Generally speaking, the cosmogonical theories,
according to Schmidt [3, 4], include both planetary cosmogony
and stellar cosmogony.

Several cosmogonical theories are known to explain the
formation of the solar system, the formation of planets,
and the estimation of planetary orbits [1–36]:

(i) Electromagnetic theories [8, 23]

(ii) Gravitational theories [3, 4, 6, 11, 13]

(iii) Nebular theories [5, 9, 17–22, 24]

(iv) Quantum mechanical theories [25–30]

Despite a large amount of research and a huge number
of works aimed at studying the formation of the solar sys-
tem, none of these theories can fully explain all the observed
phenomena—in particular, the four groups of facts following
ter Haar [5, 24]. Among those is the distribution of angular
momentum: although the Sun has more than 99% of the
total mass of the solar system, only 2% of the total angular
momentum belongs to the Sun, while the remaining 98%
belongs to the planets.

In this context, the statistical theory [16, 31–36] for a
cosmogonical body formation has been developed. It is
based on the so-called model of a spheroidal body, which is
formed through numerous gravitational interactions of its
parts and particles.

In this paper, we consider two alternative statistical
models of the origin of protoplanets embedded in a flattened
gas-dust protoplanetary disk. Our consideration is based on
the distribution function of the specific angular momentum
for a uniformly rotating spheroidal body (as a flattened gas-
dust protoplanetary cloud) [16, 31, 32] and the distribution
function of the specific angular momentum of the rotating
outer shell formed by particles leaving the spheroidal body
due to thermal emission [16].

The structure of the paper is as follows: in Section 2, we
use Schmidt’s cosmogonical hypothesis [4] of evolution
from the flattened protoplanetary gas-dust cloud (to the
emerging protoplanets) modeled by a uniformly rotating
spheroidal body with a distribution function of the specific
angular momentum λ (which has been derived within the
framework of the proposed statistical theory of the forma-
tion of cosmogonical bodies [16, 31, 32]). In other words,
in Sections 2 and 3, the original (relic) flattened protoplane-
tary gas-dust cloud with a distribution function f ðλÞ accord-
ing to the model of a spheroidal body [16, 31] (inside which
the central core (protostar) is formed) is considered given.
The nature of the origin of this protoplanetary cloud is not
considered, but it is assumed that this relic protoplanetary
cloud formed together with the central body (protostar),
although Schmidt also admitted the possibility of its capture
by the protostar during motion in intergalactic space [4]. On
the contrary, in Section 4, we develop an alternative model
of protoplanetary cloud formation due to thermal emission
of particles from a protostar being in different thermody-
namic states. The possibility of different thermodynamic
state realization was substantiated by Boss [37], and theoret-

ically, it is confirmed in the framework of the proposed
statistical theory of the formation of cosmogonical bodies
[16, 35] (by existence of the multiple states of virial equilib-
rium, see Corollaries 2.2, 4.3 in the monograph [16]). Thermal
emission of particles from a protostar being in multiple ther-
modynamic states contributes to the additional formation of
the gas-dust cloud (as well as the forming protoplanets) with
a thermal distribution function f TðλÞ of the specific angular
momentum λ of particles leaving the central body (protostar)
due to their thermal motions. It is noteworthy that both
models (with distribution functions f ðλÞ and f TðλÞ respec-
tively) lead to similar laws of planetary distances in extrasolar
systems.

2. Equations of the Distribution of the Specific
Angular Momentum in
Protoplanetary Cloud

The cosmogonical hypothesis of Schmidt, on the origin of
the solar system as a result of the evolution of gas-dust
swarm, was used to show that the swarm condensation pro-
cess takes place necessarily (even if there were no initial
bunches or protoplanetary embryos), according to the fol-
lowing scenario [4, 38, 39]:

(a) As a result of collisions, the relative velocities of par-
ticles decrease, and thereby, the system becomes
denser, so that the flattening of cloud as a result of
joint action of central gravitational and centrifugal
forces takes place

(b) After reaching a certain critical value of the density,
the system cannot remain in its previous state, and
under the action of gravity, the formation of conden-
sations (the so-called planetesimals) begins [6, 11, 15]

(c) These condensations (planetesimals) have a flattened
shape and masses of the order of the masses of
asteroids

(d) Then, the condensations collide (due to the small
mean free path) and merge into a small number of
large bodies, called protoplanets

This scenario is confirmed by numerous results of com-
putational modeling. Indeed, the last four decades of
research have shown that numerical modeling has become
an important part of understanding the evolution of the
solar system.

A contemporary understanding holds that the evolution
from dust to planet can be divided into three successive
phases (see for example [40]). The first main stage is the
coagulation of micrometer-sized grains into kilometer-
sized planetesimals (see [6, 41–45]). The planetesimals may
form as a result of gravitational instability in the solar neb-
ula, in which solids are sufficiently concentrated to enable
planetesimals forming purely by self-gravity (e.g., [41, 46,
47]). Along with that, planetesimals may form by the direct
collisional accretion of colliding particles (e.g., [43, 48, 49]),
i.e., the grains are assumed to stick together during the
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impacts that occurred at a critical, threshold velocity [50].
Due to the stochastic nature of such collisions, not all plan-
etesimals grow at the same rate and some will become more
massive than others. More massive bodies are more effec-
tively able to accrete the surrounding planetesimals. This
quickly leads to a runaway accretion process (e.g.,
[51–54]), which begins the second main phase. In a swarm
of planetesimals, the relative velocity vrel is governed by their
frequent mutual encounters and, given their small gravity, is
kept low [40]. Runaway growth starts when the planetary
embryos grow large enough and their gravitational perturba-
tions determine vrel of the planetesimals. As this is a case,
planetesimals decouple from the gaseous disk and interact
gravitationally with each other. A runaway growth leads to
the formation of a planetary embryo with masses 1%–10%
of that of Earth M ⊕ [55, 56]. These embryos accrete sub-
stance locally and form a dense population distributed
throughout the solar system. In the third stage of terrestrial
planet accretion which is the final one, the gravitational
effect of the planetesimals begins to fade as their number
decreases and the planetary embryos begin to perturb one
another onto crossing orbits. The planets grow in the course
of collisions between embryos and the accretion of the
remaining planetesimals. This stage is characterized by rela-
tively violent, stochastic collisions, as compared to the previ-
ous stages with dominating continuous accretion of small
bodies [40, 57].

In contrast to the numerical modeling of planet forma-
tion [41–57] with enormous computational efforts, the pres-
ent paper relies on analytical principles only. Although the
numerical models seem to be quite useful, it is always good
to check, at least one of the mentioned theoretical
approaches, whether the results are still reasonable.

The evolution of a rotating flattened and gravitating
spheroidal body, analyzed within the framework of the pro-
posed statistical theory in this paper, is useful, in particular,
for understanding of the origin of the solar system [16, 31,
32, 34]. Let us briefly consider the evolution of two neigh-
boring bunches (protoplanetary embryos) being in the
growth stage. As Schmidt noted [4] (p. 32-33), “if their orbits
are very close, they will quickly exhaust the supply of bodies
and particles moving in the region between their orbits. If
two planetary embryos do not unite into one, then in the
future they will acquire mass and momentum already pre-
dominantly from bodies turning from the outer sides of
the exhausted zone. In this case, the momentum per unit
mass of one planet will decrease, the other will increase,
and the radii of the orbits of two planets will begin to
diverge. Thus, in the process of growth of the planets at
the expense of bodies and particles, it lies the principle of
adjusting the distances between them.”

Following the logic of Schmidt’s reasoning, one can find
the law for the distances between bunches (protoplanetary
formations) in a rotating spheroidal body, bypassing the
detailed kinetics of the process. Namely, his model (explain-
ing the law of planetary orbital distances) is based on the
hypothesis that each law of distribution of a specific angular
momentum λ of particles with a distribution function f ðλÞ
corresponds to its law of planetary distances [4].

It follows from the fact that when planets are formed (for
example, in the solar system), each particle (or a conglomerate
of particles, e.g., a planetesimal [6, 11, 46–49]) in a gas-dust
protoplanetary cloud (or a swarm of planetesimals) has the
highest chance to hit the forming protoplanet, if its specific
angular momentum value is close to those of the particles
which form the given planet. Although individual particles
may not fall into their protoplanetary forming bunch, follow-
ing Schmidt [4] on p. 33, “these deviations are mutually com-
pensated, so that for the calculation it can be assumed that all
particles are precisely distributed over the ‘areas’ around the
axes of specific angular momenta for each planet. The bound-
aries of these areas are assumed equidistant from the specific
momenta of two neighboring planets”.

Let μn be a value of specific angular momentum, which
corresponds the boundary between the domains of nth and
ðn + 1Þth bunches (or protoplanetary embryos) in the flat-
tened gas-dust protoplanetary cloud, whose specific angular
momentums are equal to λn and λn+1, respectively. Then,
following the hypothesis of Schmidt, we can see that

μn =
λn + λn+1

2 : ð1Þ

During the process of a conglomeration of particles of
gas-dust media in a bunch, their specific angular momen-
tums are averaged and the specific angular momentum of
the bunch (planetesimal), as a forming protoplanet, is the
ratio [4]:

λn =
Ð μn
μn−1

λf λð ÞdλÐ μn
μn−1

f λð Þdλ , ð2Þ

where f ðλÞ is a distribution function of the specific angular
momentum λ. However, Schmidt could not analytically
derive the form of the distribution function f ðλÞ within
the framework of his model, noting only that f ðλÞ changes
with the time in the process of cloud evolution, but this is
still an unsolved problem [4] (pp. 35-36).

Using Schmidt’s cosmogonical hypothesis of the evolu-
tion from a flattened protoplanetary gas-dust disk to an
ensemble of protoplanets [4, 38], let us consider a gravitating
flattened protoplanetary gas-dust cloud, rotating with a uni-
form angular velocity Ω = const and with a distribution
function f ðλÞ of the specific angular momentum λ. Accord-
ing to the statistical theory of gravitating spheroidal bodies
(see refs. [16, 31, 32, 34]), the probability density distribu-
tion function of the specific angular momentum is

f λ, tð Þ = α tð Þ 1 − ε0
2� �

2Ω ⋅ e−α 1−ε20ð Þλ/2Ω, ð3Þ

where α = αðtÞ is a parameter of gravitational condensation
and ε20 is a squared eccentricity. The mass density function
of a uniformly rotating protoplanetary gas-dust disk as a
spheroidal body in a spherical frame of reference ðr, θ, εÞ
has the following form [16, 31, 32, 34]:
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ρ r, θð Þ = ρ0 1 − ε20
� �

e−αr
2 1−ε20 sin2θð Þ/2: ð4Þ

In the case of ε20 ⟶ 0, the mass density function of a
slowly rotating (Ω⟶ 0) spheroidal body becomes the
following:

ρ rð Þ = ρ0 ⋅ e
−αr2/2, ð5Þ

where r is a spatial (radial) coordinate and ρ0 =Mðα/2πÞ3/2
is mass density in the center of the spheroidal body of the
mass M and gravitational condensation parameter α.

In another limiting case of ε20 ⟶ 1, equation (4)
describes the mass density of a flattened gaseous disk [31,
34] in agreement with the known barometric formula
(for a flat rotating disk) obtained with the usage of the
hydrostatic mechanical equilibrium condition [6, 11, 39]:

ρ h, zð Þ = ρc hð Þe−αz2/2, ð6Þ

where ρcðhÞ = lim
ε20⟶1
M⟶∞

Mðα/2πÞ3/2ð1 − ε20Þe−αh
2ð1−ε20Þ/2 is a

value of mass density in a central plane (layer) of this
gaseous disk in the cylindrical frame of reference ðh, ε, zÞ,
h = r sin θ, z = r cos θ. Here, M is the total mass of an ini-
tial prestellar molecular cloud, i.e., the mass of the star
plus the mass of the gaseous disk [16, 31, 34].

Obviously, the probability density function (3) satisfies
the normalization condition

Ð∞
0 f ðλÞdλ = 1 because

ð
f λð Þdλ =

ð
e−α 1−ε20ð Þλ/2Ω ⋅

α 1 − ε20
� �
2Ω dλ = −e−α 1−ε20ð Þλ/2Ω:

ð7aÞ

Let us calculate an average value of specific angular
momentum based on the integration by the parts with the
usage of formula (7a):

�λ =
ð∞
0
λf λð Þdλ = λ

ð
f λð Þdλ ∞

0j −
ð∞
0
dλ
ð
f λð Þdλ

= 2Ω
α 1 − ε20
� � ð∞

0
f λð Þdλ = 2Ω

α 1 − ε20
� � : ð7bÞ

Now, let us consider the general derivation of the law of
planetary distances within the framework of the statistical
theory of spheroidal bodies (without any restriction like
�λ
−1 = αð1 − ε0

2Þ/2Ω < <1 [31]).

3. A Uniformly Rotating Spheroidal Body
Model for the Protoplanetary Cloud
Formation: Derivation of the General
Equation of Distribution of the Specific
Angular Momentum of
Forming Protoplanets

Using equations (2) and (3), we can calculate the following:

λn =
Ð μn
μn−1

λf λð ÞdλÐ μn
μn−1

f λð Þdλ =
λ
Ð
f λð Þdλ μn

μn−1

�� −
Ð μn
μn−1

dλ
Ð
f λð ÞdλÐ μn

μn−1
f λð Þdλ

=
λ −e− α 1−ε02ð Þ/2Ωð Þλ� �

μn
μn−1

�� −
Ð μn
μn−1

−e−  α 1−ε02ð Þ/2Ωð Þλ� �
dλ

−e− α 1−ε02ð Þ/2Ωð Þλ μn
μn−1

��
=
λ ⋅ e−  α 1−ε02ð Þ/2Ωð Þλ μn

μn−1

�� −
Ð μn
μn−1

e−  α 1−ε02ð Þ/2Ωð Þλdλ
e−  α 1−ε02ð Þ/2Ωð Þλ μn

μn−1

�� :

ð8Þ

Taking equation (7b) into account, we obtain the
following:

λn =
λ ⋅ e− λ/�λð Þ μn

μn−1

�� −
Ð μn
μn−1

e− λ/�λð Þdλ
e− λ/�λð Þ μn

μn−1

��
= λ ⋅ e− λ/�λð Þ μn

μn−1

�� + �λ ⋅ e− λ/�λð Þ μn
μn−1

��
e− λ/�λð Þ μn

μn−1

��
= λ ⋅ e− λ/�λð Þ μn

μn−1

��
e− λ/�λð Þ μn

μn−1

�� + �λ

= �λ + μn ⋅ e
− μn/�λð Þ − μn−1 ⋅ e

− μn−1/�λð Þ
e−  μn/�λð Þ − e− μn−1/�λð Þ :

ð9Þ

Performing the long division in the right-hand side of
equation (9), we get

−

μn ⋅ e
− μn/�λð Þ − μn−1 ⋅ e

− μn−1/�λð Þ

μn ⋅ e
− μn/�λð Þ − μn ⋅ e

− μn−1/�λð Þ
μn − μn−1ð Þ ⋅ e− μn−1/�λð Þ

���������
e− μn/�λð Þ − e− μn−1/�λð Þ

μn
,

ð10Þ

that allows us to write equation (9) in the following form:

λn = �λ + μn +
μn − μn−1ð Þ ⋅ e−μn−1/�λ−1
e−μn/�λ − e−μn−1/�λ

: ð11Þ

Multiplying both sides of equation (11) by �λ
−1
, we obtain

the following:
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λn ⋅ �λ
−1 = 1 + μn ⋅ �λ

−1 + μn − μn−1ð Þ ⋅ �λ−1

e− μn−μn−1ð Þ�λ−1 − 1
: ð12Þ

In the limiting case of �λ
−1
⟶ 0, using L’ Hospital’s rule,

equation (12) yields true identity:

0 = 1 + lim
�λ
−1
⟶0

μn − μn−1ð Þ ⋅ �λ−1

e− μn−μn−1ð Þ�λ−1 − 1
= 1 + lim

�λ
−1
⟶0

μn − μn−1

− μn − μn−1ð Þ ⋅ e− μn−μn−1ð Þ�λ−1
=

= 1 − μn − μn−1
μn − μn−1

= 1 − 1 = 0:

ð13Þ

Using equation (1), one can rewrite equation (11) as
follows:

λn = �λ + λn + λn+1
2 + 1

2 ⋅
λn + λn+1 − λn−1 − λn

e− λn+1−λn−1ð Þ⋅�λ−1/2 − 1
, ð14Þ

from which we obtain the following general difference
equation:

λn = 2�λ + λn+1 +
λn+1 − λn−1

e− λn+1−λn−1ð Þ/2�λ − 1
: ð15Þ

Let us consider some particular cases of equation (15):

(a) If the condition �λ
−1 = αð1 − ε0

2Þ/2Ω < <1 is true,
then, using representation of the exponential func-
tion in equation (15) by Maclaurin’s series restricted
up to the linear term only

e− λn+1−λn−1ð Þ/2�λ = 1 − λn+1 − λn−1ð Þ ⋅ 1
2�λ

, ð16Þ

we obtain from equation (15) the following:

λn = 2�λ + λn+1 +
λn+1 − λn−1

− λn+1 − λn−1ð Þ/2�λ , ð17Þ

whence follows a uniform law of distribution of the
specific angular momentums of the bunches (plane-
tesimals):

λn − λn+1 = 0 = const⇒ λn+1 = λn = const ð18Þ

(b) Still taking the condition �λ
−1 = αð1 − ε0

2Þ/2Ω < <1 in
equation (15) and considering up to the quadratic
term in the Maclaurin’s series of the exponent

e− λn+1−λn−1ð Þ/2�λ = 1 − λn+1 − λn−1
2�λ

+ λn+1 − λn−1ð Þ2
2!⋅ 4�λ2

, ð19Þ

equation (15) yields the following:

λn = 2�λ + λn+1 +
λn+1 − λn−1

− λn+1 − λn−1ð Þ/2�λ + �λn+1 − λn−1
� �2/8�λ2

= 2�λ + λn+1 −
2�λ

1 − �λ
−1

λn+1 − λn−1ð Þ/4
≈ 2�λ + λn+1 − 2�λ 1 + �λ

−1 ⋅
λn+1 − λn−1

4

� �

= λn+1 −
λn+1 − λn−1

2 = λn+1 + λn−1
2 ,

ð20Þ

that is,

λn+1 − 2λn + λn−1 = 0: ð21Þ

The characteristic equation for the second-order differ-
ence equation (21) has the following form (Zn = λn):

Z2 − 2Z + 1 = Z − 1ð Þ2 = 0, ð22Þ

whose solutions are two identical roots Z1 = Z2 = 1, i.e., the
solution with a multiplicity m = 2. This means that the linear
difference equation of the form (21) has a solution in the
form of an arithmetic progression:

λn = A + B ⋅ nð Þ ⋅ Z1½ �2 = A + B ⋅ n, ð23Þ

described by Schmidt’s law [4]. Based on the logical deduc-
tion of (21) and (23), we conclude that the following con-
stants A and B should be chosen:

A = λn n=0j = λ0, ð24aÞ

B = λn+1 − λn = λn − λn−1 = d, ð24bÞ
where d is a difference of the arithmetic progression.

Using Binet’s formula, the equation of an orbit of a body
in a remote zone of a rotating spheroidal body has been
derived in [33]. As a result, for a protoplanet/planetesimal
(or a particle) of a stellar–planetary system (including our
solar system), moving in an elliptic orbit with a major semi-
axis a and geometric eccentricity e, the value of the orbital
specific angular momentum can be determined by the fol-
lowing well-known formula:

λ = C =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γMa 1 − e2ð Þ

p
, ð24cÞ

where C is a double-areal velocity of the orbital motion of a
protoplanet (or a particle). So, the orbital specific angular
momentum for nth forming protoplanet λn = Ln/mn, where
Ln is an orbital angular momentum and mn is a mass of
the nth forming protoplanet, is as follows:
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λn =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γMan ⋅ 1 − e2nð Þ

q
, ð25Þ

where an is the major semiaxis and en is the geometric eccen-
tricity of orbit of the nth protoplanet. Substituting (24a),
(24b), and (25) into equation (23) gives the known
Schmidt’s law of planetary distances [4]:

ffiffiffiffiffi
an

p = Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γM 1 − e2nð Þp + Bnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γM 1 − e2nð Þp
= λ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γM 1 − e2nð Þ
p + dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γM 1 − e2nð Þ
p n:

ð26Þ

If n = 0, then, it follows directly from equation (26) that

λ0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γMa0 ⋅ 1 − e20

� �q
: ð27Þ

So, taking into account (26) and supposing en ⟶ 0 (the
condition of almost circular orbits), Schmidt’s law of plane-
tary distances occurs:

ffiffiffiffiffi
an

p = c1 + c2 ⋅ n, ð28Þ

where c1, c2 are constants. The following theorem can be
formulated:

Theorem 1. If the mass density of a spheroidal body satisfies
the condition:

Ð∞
−∞ρðh, zÞdz =Mðα ⋅ ð1 − ε0

2Þ/2πÞ = const,
which is equivalent to the requirement of a uniform law of
angular momentum distribution function: f ðλÞ = αð1 − ε0

2Þ/
2Ω = const, then, Schmidt’s law (28) takes place.

Proof. According to the condition of Theorem 1 and taking
into account the relation ρðh, zÞ =MΦðh, zÞ [16, 31, 34],
we find the following:

ð∞
−∞

Φ h, zð Þdz = α ⋅ 1 − ε0
2� �

2π , ð29Þ

where Φðh, zÞ = ðα/2πÞ3/2ð1 − ε20Þe−α½h
2ð1−ε20Þ+z2�/2 is a volume

probability density function in the cylindrical frame of refer-
ence ðh, ε, zÞ [16, 31, 34]. Let us note that a one-dimensional
probability density function f ðhÞ of particle detection along
the radial coordinate h can be found through the volume
probability density function Φðh, zÞ based on the following
relation [16, 31, 34]:

ð∞
−∞

ð2π
0
Φ h, zð Þhdzdε = f hð Þ, ð30Þ

where f ðhÞ = αð1 − ε0
2Þ ⋅ heð−αð1−ε02Þ/2Þh2 is the particle distri-

bution function with respect to the radial coordinate h in a
rotating (with a uniform angular velocity Ω = const) sphe-
roidal body, that is, one-dimensional probability density of

finding a particle in a uniformly rotating spheroidal body
at the distance h from the axis of rotation. On the other
hand, we obtain the share of particles, located at distances
close to h from the axis of rotation, z-axis, which is equal
[16, 31, 34]:

dNh

N
= f hð Þdh = α 1 − ε20

� �
e−α 1−ε20ð Þh2/2hdh: ð31Þ

As shown in [16, 31, 34], the share of particles located
near the distance close to h from the z-axis of rotation, i.e.,
within a volume of annular cylindrical layer ½h, h + dh�, is
equal to the share of particles rotating with a constant angu-

lar velocity Ω
!

around the z-axis and having the values of
specific angular momentum in the interval ½λ, λ + dλ�:

dNh

N
= dNλ

N
, ð32Þ

h ∈ h, h + dh½ �, ð33Þ

λ ∈ λ, λ + dλ½ �: ð34Þ

Evidently, relation (32) is valid for a rotating spheroidal
body in the state of relative mechanical equilibrium [16, 31,
34]. Under this condition, the moving particles being at dis-
tance h from the z-axis have circular orbits within a uni-
formly rotating spheroidal body, and therefore, the z
-projection of the specific angular momentum

λ =Ωh2, ð35Þ

is directly proportional to the square of distance from the
rotation z-axis within a uniformly rotating spheroidal body.
Consequently, the share of particles having a specific angular
momentum value in the interval ½λ, λ + dλ�, in accordance
with equations (32) and (35), is equal to

dNλ

N
= dNh

N
= α 1 − ε20

� �
2Ω

� �
⋅ e−α 1−ε20ð ÞΩh2/2Ωd Ωh2

� �
=

= α 1 − ε20
� �
2Ω

� �
⋅ e−α 1−ε20ð Þλ/2Ωdλ,

ð36Þ

where λ is a specific angular momentum. So, the probability
dpλ that the value of specific angular momentum belongs to
the interval ½λ, λ + dλ� is equal:

f λð Þdλ = dpλ =
dNλ

N
= α 1 − ε20
� �
2Ω ⋅ e−α 1−ε20ð Þλ/2Ωdλ: ð37Þ

Therefore, the probability density function f ðλÞ, which
expresses the mass distribution via the values of specific
angular momentum, is indeed described by formula (3).
According to (32)–(37), we obtain the following:

6 Space: Science & Technology



ð∞
−∞

Φ h, zð Þdz = 1
2πh f hð Þ = 1

2πh f λð Þ dλ
dh

= 1
2πh f λð Þ d Ωh2

� �
dh

= Ω

π
f λð Þ:

ð38Þ

Taking into account condition (29), equation (38)
becomes the following:

Ω

π
f λð Þ = α ⋅ 1 − ε0

2� �
2π , ð39Þ

whence we obtain that the function f ðλÞ must be approxi-
mated by a uniform distribution law of the following kind:

f λð Þ = α 1 − ε0
2� �

2Ω = const: ð40Þ

Let us also note that relation (40) can be obtained from
equation (3) directly in the assumption of the smallness of
an inverse average value of the specific angular momentum
�λ
−1

since α < <1 (see [16, 35]):

�λ
−1 = α 1 − ε0

2� �
2Ω < <1: ð41Þ

This also justifies the assumption of �λ
−1 < <1 used in the

above-considered cases (a) and (b). Taking into account
equation (40), formula (2) becomes the following:

λn =
Ð μn
μn−1

λ α 1 − ε20
� �

/2Ω
� �

dλÐ μn
μn−1

α 1 − ε20
� �

/2Ω
� �

dλ
= μn + μn−1

2 : ð42Þ

Substituting equation (1) into (42), we obtain the follow-
ing difference equation:

λn =
λn+1 + λn−1

2 : ð43Þ

It is clear that equation (43) describes the well-known
property of an arithmetic progression whose nth term is cal-
culated by the following formula:

λn = a0 + d ⋅ n, ð44Þ

where d is the difference and a0 is the first (the zeroth) term
of an arithmetic progression.

Taking into account equation (44) and formula (25) for
the relation of the specific angular momentum λn with the
square root of radius Rn for orbit for thenth protoplanet
(under the condition of the circular character of the plane-
tary orbit when en ⟶ 0)

λn =
ffiffiffiffiffiffiffi
γM

p ffiffiffiffiffi
Rn

p
, ð45Þ

we conclude that zeroth approximation of function f ðλÞ
leads to Schmidt’s well-known law:

ffiffiffiffiffi
Rn

p
= a + b ⋅ n, ð46Þ

where a, b are some constants. The theorem is proved.

Corollary 2 (conclusion of Laskar [58]). For a constant
surface mass density (constant distribution) σðaÞ, the orbital
major semiaxes an of formed planets satisfy the following
relation:

ffiffiffiffiffi
an

p = c1 + c2 ⋅ n, that is, Schmidt’s law of planetary
distances (28).

Proof. Indeed, taking into account that

ρ h, zð Þ =MΦ h, zð Þ =M
α

2π
� �3/2

⋅ 1 − ε0
2� �

⋅ e−α h2 1−ε02ð Þ+z2ð Þ/2

= σ hð Þ ⋅
ffiffiffiffiffiffi
α

2π

r
⋅ e−αz

2/2,

ð47Þ

where σðhÞ is a surface mass density; we establish from
equation (29) that

ð∞
−∞

σ hð Þ ⋅
ffiffiffiffiffiffi
α

2π

r
⋅ e−αz

2/2dz =M
α ⋅ 1 − ε0

2� �
2π , ð48Þ

whence, bearing in mind that
Ð∞
−∞e−αz

2/2dz =
ffiffiffiffiffiffiffiffiffiffi
2π/α

p
, we

derive the condition of Laskar (constancy of the surface mass
density) as follows:

σ hð Þ = M ⋅ α 1 − ε0
2� �

2π = const, ð49Þ

because h is a radial coordinate along which the major
semiaxes a of planet orbits are measured. That proves the
corollary.

Now, let us consider another case investigated by Laskar
[58], namely, when

σ að Þ = c ⋅ a−3/2: ð50Þ

Indeed, formula (50) can be obtained as a special case of
(47) representing σðhÞ in the following form:

σ hð Þ =M
α

2π ⋅ 1 − ε0
2� �

⋅ eαh
2 1−ε02ð Þ/3h i− 3/2ð Þ

=M ⋅
α 1 − ε0

2� �
2π ⋅ a−3/2 hð Þ,

ð51Þ

i.e., by introducing the following variable:

a = eαh
2 1−ε02ð Þ/3: ð52Þ

Moreover,

h2 = 3
α 1 − ε0

2ð Þ ln a: ð53Þ
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Taking into account equation (35), i.e., λ =Ωh2, let us
rewrite (52) in terms of the variable λ, choosing the value
of the specific angular momentum equal to λ = λn:

an = eα 1−ε02ð Þλn/3Ω, ð54Þ

whence

ln an =
α 1 − ε0

2� �
3Ω λn: ð55Þ

Therefore, according to the definition in equation (1), we
can determine the value of specific angular momentum
along the border between nth and ðn + 1Þth protoplanets:

μn =
3Ω

α 1 − ε0
2ð Þ ln a∗n , ð56Þ

i.e., a∗n corresponds to the value μn whereas an corresponds
to the value λn in accordance with equation (55). According
to (38), (47), and (51), we obtain the following:

f λð Þ = π

Ω

ð∞
−∞

Φ h, zð Þdz = π

ΩM

ð∞
−∞

σ hð Þ ⋅
ffiffiffiffiffiffi
α

2π

r
⋅ e−αz

2/2dz

= π

ΩM
σ hð Þ = π

ΩM
M ⋅

α 1 − ε0
2� �

2π ⋅ a−3/2

= α 1 − ε0
2� �

2Ω a−3/2:

ð57Þ

Substituting equations (55)–(58) into (37), we have the
following:

f λð Þdλ = α 1 − ε0
2� �

2Ω ⋅ a−3/2 ⋅ d
3Ω

α 1 − ε0
2ð Þ ⋅ ln a


 �

= 3
2 a

−3/2 ⋅
1
a
da = 3

2 ⋅ a−5/2da,
ð58Þ

λf λð Þdλ =Ω
3

α 1 − ε0
2ð Þ ln a ⋅

3
2 a

−5/2da

= 9Ω
2α 1 − ε0

2ð Þ ⋅ a−5/2 ln ada:
ð59Þ

Given equations (58) and (59), let us calculate the inte-
grals in equation (2):

ðμn
μn−1

f λð Þdλ =
ða∗n
a∗n−1

3
2 ⋅ a−5/2da = 3

2 ⋅
a−5/2+1

−3/2
a∗n

a∗n−1

�����
= a∗n−1

−3/2 − a∗n
−3/2,

ð60aÞ

ðμn
μn−1

λf λð Þdλ = 9Ω
2α 1 − ε0

2ð Þ
ða∗n
a∗n−1

a−5/2 ln ada = 9Ω
2α 1 − ε0

2ð Þ

⋅ −
2
3 ln a ⋅ a−3/2

� a∗n

a∗n−1

����� + 2
3

ða∗n
a∗n−1

a−5/2da

)

= 3Ω
α 1 − ε0

2ð Þ ⋅ a∗n−1
−3/2 ln a∗n−1 − a∗n

−3/2 ln a∗n
� �

+ 2Ω
α 1 − ε0

2ð Þ ⋅ a∗n−1
−3/2 − a∗n

−3/2
� �

:

ð60bÞ
Substituting equation (60a) and (60b) into (2), we yield

the following:

λn =
3Ω/α 1 − ε0

2� �� �
⋅ a∗n−1

−3/2 ln a∗n−1 − a∗n
−3/2 ln a∗n

 �
a∗n−1

−3/2 − a∗n
−3/2

+ 2Ω
α 1 − ε0

2ð Þ ⋅
a∗n−1

−3/2 − a∗n
−3/2

a∗n−1
−3/2 − a∗n

−3/2 = 3Ω
α 1 − ε0

2ð Þ

⋅
a∗n−1

−3/2 ln a∗n−1 − a∗n
−3/2 ln a∗n

a∗n−1
−3/2 − a∗n

−3/2 + 2Ω
α 1 − ε0

2ð Þ :

ð61Þ

According to equation (7b),

�λ = 2Ω
α 1 − ε0

2ð Þ , ð62Þ

and also taking into account that

−
a∗n−1

−3/2 ln a∗n−1 − a∗n
−3/2 ln a∗n

a∗n−1
−3/2 ln a∗n−1 − a∗n

−3/2 ln a∗n−1
a∗n

−3/2 ln a∗n−1 − ln a∗nð Þ

�������
a∗n−1

−3/2 − a∗n
−3/2� �

ln a∗n−1
,

ð63Þ

that is,

a∗n−1
−3/2 ln a∗n−1 − a∗n

−3/2 ln a∗n
a∗n−1

−3/2 − a∗n
−3/2 = ln a∗n−1 +

a∗n
−3/2 ln a∗n−1/a∗nð Þ
a∗n−1

−3/2 − a∗n
−3/2

= ln a∗n−1 +
ln a∗n/a∗n−1ð Þ

1 − a∗n/a∗n−1ð Þ3/2 ,

ð64Þ

we obtain the following:

λn ⋅ �λ
−1 = 3

2 ln a∗n−1 +
3/2ð Þ ln a∗n/a∗n−1ð Þ
1 − a∗n/a∗n−1ð Þ3/2

+ 1: ð65Þ
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Carrying out the long division on the right-hand side of
equation (65), we find the following:

3
2 ln a∗n

a∗n−1


 �

−3/2 ln a∗n/a∗n−1ð Þ − 3/2 a∗n/a∗n−1ð Þ3/2 ln a∗n/a∗n−1ð Þ
a∗n/a∗n−1ð Þ3/2 ln a∗n/a∗n−1ð Þ3/2

���������
1 − a∗n/a∗n−1ð Þ3/2
3/2ð Þ ln a∗n/a∗n−1ð Þ ,

ð66Þ

that allows us to write equation (65) in the following form:

λn ⋅ �λ
−1 = 3

2 ln a∗n−1 +
3
2 ln a∗n

a∗n−1
+ a∗n/a∗n−1ð Þ3/2 ln a∗n/a∗n−1ð Þ3/2

1 − a∗n/a∗n−1ð Þ3/2 + 1:

ð67Þ

According to (56), (62), and (67), one can obtain that

3Ω
α 1 − ε0

2ð Þ ⋅ ln an ⋅ �λ
−1 = 3

2 ln a∗n−1 +
3/2ð Þ ln a∗n − 3/2ð Þ ln a∗n−1

1 − a∗n/a∗n−1ð Þ3/2 + 1,

ð68Þ

whence

ln an = ln a∗n−1 +
ln a∗n−1 − ln a∗n
a∗n/a∗n−1ð Þ3/2 − 1

+ 2
3 : ð69Þ

Using (1), (56), and (62) and taking into account that
λn = ð3/2Þ�λ ⋅ ln an and μn = ð3/2Þ�λ ⋅ ln a∗n , we obtain the
following:

ln a∗n−1 =
ln an−1 + ln an

2 : ð70Þ

Substituting (70) into equation (69), this equation
becomes the following:

2 ln an = ln an−1 + ln an +
4
3 + ln an−1 + ln an − ln an − ln an+1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

an ⋅ an+1
p / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

an−1 ⋅ an
p� �3/2 − 1

,

ð71Þ

whence

ln an = ln an−1 +
4
3 + ln an−1 − ln an+1

an+1/an−1ð Þ3/4 − 1
: ð72Þ

Taking into account that

an+1
an−1


 �3/4
− 1

�����
����� > ln an−1

an+1

����
����, ð73Þ

equation (72) with sufficient accuracy is approximated as
follows:

ln an ≈ ln an−1 +
4
3 , ð74Þ

or

ln an
an−1

= 4
3 , n = 1, 2, 3⋯ : ð75Þ

Exponentiating equation (75), we find that

an = an−1 ⋅ e
4/3, n = 1, 2, 3,⋯, ð76aÞ

that is,

a1 = a0 ⋅ e
4/3,

a2 = a1 ⋅ e
4/3,

a3 = a2 ⋅ e
4/3,⋯,

ð76bÞ

whence

a1 = a0 ⋅ e
4/3, ð76cÞ

a2 = a0 ⋅ e
2⋅ 4/3ð Þ, ð77Þ

a3 = a0 ⋅ e
3⋅ 4/3ð Þ ⋯ : ð78Þ

Summarizing equation (76c), we find the following:

an = a0 ⋅ e
4n/3, n = 1, 2, 3⋯ : ð79Þ

Taking the logarithm of (79), we obtain the following
relation:

logban = logba0 +
4
3 logbe ⋅ n, ð80aÞ

that in the case of constants selecting c1 = logba0 and c2 =
ð4/3Þ logbe passes into the law of planetary distances of
Gurevich and Lebedinsky [39] and Laskar [58]:

logban = c1 + c2 ⋅ n, ð80bÞ

which confirms Laskar’s second proposition (50). It is clear that
equation (80b) corresponds to the exponential type of law:

an = C1 ⋅ b
c2n, ð80cÞ

where C1 = bc1 . Obviously, equation (80c) generalizes several
empirical laws proposed by Nieto [7], Murray and Dermott
[59, 60], Poveda and Lara [61, 62], Flores-Gutierrez and
Garcia-Guerra [63], and others.

(c) Concerning condition (41), let us now take a cubic
approximation of the following exponent:

e− λn+1−λn−1ð Þ/2�λ = 1 − λn+1 − λn−1
1 ⋅ 2�λ

+ λn+1 − λn−1ð Þ2
2 ⋅ 4�λ2

−
λn+1 − λn−1ð Þ3

3!⋅ 8�λ3
:

ð81Þ
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Substituting (81) into (15), we obtain the following:

λn = 2�λ + λn+1 +
λn+1 − λn−1

− λn+1 − λn−1ð Þ/2�λ + λn+1 − λn−1ð Þ2/8�λ2 − λn+1 − λn−1ð Þ3/48�λ3
=

= 2�λ + λn+1 −
2�λ

1 − λn+1 − λn−1ð Þ/4�λ� �
+ λn+1 − λn−1ð Þ2/24�λ2
� � ,

ð82Þ

And taking into account the approximation

1
1 − λn+1 − λn−1ð Þ/4ð Þ�λ−1 + λn+1 − λn−1ð Þ2/24� ��λ−2
≈ 1 + λn+1 − λn−1

4
�λ
−1 + λn+1 − λn−1

4

� �2
−

λn+1 − λn−1ð Þ2
24

 !
�λ
−2

= 1 + λn+1 − λn−1
4

�λ
−1 + λn+1 − λn−1ð Þ2

48
�λ
−2,

ð83Þ

we have

λn ≈ 2�λ + λn+1 − 2�λ 1 + λn+1 − λn−1
4

�λ
−1 + λn+1 − λn−1ð Þ2

48
�λ
−2

" #

= 2�λ + λn+1 − 2�λ − λn+1 − λn−1
2 −

λn+1 − λn−1ð Þ2
24�λ

= λn+1 + λn−1
2 −

λn+1 − λn−1ð Þ2
24�λ

,

ð84Þ

whence

λn+1 − 2λn + λn−1 −
�λ
−1

12 λn+1 − λn−1ð Þ2 = 0: ð85Þ

The characteristic equation for the difference equation
(85) has the following form:

Zn+1 − 2Zn + Zn−1 −
�λ
−1

12 ⋅ Zn+1 − Zn−1� �2 = 0, ð86Þ

or

Zn−1 Z − 1ð Þ2 −
�λ
−1

12 Z2 n−1ð Þ Z2 − 1
� �2 = 0, ð87Þ

whence we find that

Z − 1ð Þ2 ⋅ 1 −
�λ
−1

12 Zn−1 Z + 1ð Þ2
" #

= 0: ð88Þ

Characteristic equation (88) is reduced to two equations:

Z − 1ð Þ2 = 0, ð89aÞ

Z + 1ð Þ2Zn−1 = 12�λ: ð89bÞ

The solution of equation (89a) is the root Zð1Þ
1 = 1 of a

multiplicity of m = 2, and the solutions of equation (89b)

are ðn + 1Þth power roots Zð2Þ
k =

ffiffiffiffiffiffiffiffi
12�λnþ1

p
⋅ e−ði2π/n+1Þk, k = 0, 1,

⋯, n with sufficient accuracy (under condition (41): �λ
−1
⟶

0, that is, �λ⟶∞). As a result, nonlinear difference equation

(85) at the linear approximation (�λ
−1
⟶ 0) has a general

solution [16, 31, 34]:

λn = A + B ⋅ nð Þ ⋅ Z 1ð Þ
1

h in
+ 〠

n

k=0
Ck Z 2ð Þ

k

h in

= A + B ⋅ n + 〠
n

k=0
Ck

ffiffiffiffiffiffiffiffi
12�λnþ1

p� �n
⋅ e− i2πn/ n+1ð Þð Þk:

ð90Þ

Taking (25) into account, equation (90) yields the law of
planetary distances of the following kind [16, 31]:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
an 1 − e2nð Þ

q
= Affiffiffiffiffiffiffi

γM
p + Bffiffiffiffiffiffiffi

γM
p ⋅ n + 12�λ

� �n/ n+1ð Þ 〠
n

k=0

Ckffiffiffiffiffiffiffi
γM

p e− i2πn/ n+1ð Þð Þk

= a + b ⋅ n + 2 12�λ
� �n/ n+1ð Þ 〠

ent n+1ð Þ/2½ �

k=0
ck cos

2πn
n + 1 k

 �

,

ð91Þ

if cn+1−k = c∗k , k = 0, 1,⋯, ent½ðn + 1Þ/2� and ck = Ck/
ffiffiffiffiffiffiffi
γM

p
,

a = A/ ffiffiffiffiffiffiffi
γM

p
, b = B/ ffiffiffiffiffiffiffi

γM
p

are coefficients to be sought for a
planetary system (for example, the solar system [16, 31,
34]) in the form of dependence on �λ. Therefore, the pro-
posed law for planetary distances (91) generalizes Schmidt’s
well-known law (28). As shown in [31], this new law gives
a very good estimation of real planetary distances in the
solar system (0% for the relative error of estimation and
1.4% for the absolute error). In addition, its maximal value
is equal to 11% for the Earth, but for Pluto, the proposed
law gives too high an error according to the derived rule
ent½ðn + 1Þ/2� for the maximal number of necessary coeffi-
cients ck in the law (91). This fact could be considered as
an additional argument for a specific nature of Pluto, which
appeared in the solar system in a different way, as other
known planets [31].

4. Thermal Emission of Particles Model of
Protoplanetary Cloud Formation: The
Derivation of Distribution Functions of
Moving Particles in the Gravitational Field
due to Thermal Escape of Particles in the
Outer Protoplanetary
Shell under Formation

As already noted, the main challenge of modern cosmogon-
ical theories is the problem of angular momentum distribu-
tion in the solar system. While the Sun constitutes more
than 99% of the total mass of the solar system (the total mass
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of all planets is equal to only 1/745 or 0.13% of the Sun’s
mass), it has less than 2% of the total angular momentum,
i.e., the remaining 98% belong to the planets exclusively
[5, 24]. In our opinion [34], a possible explanation for the
angular momentum shift to the periphery of the solar system
is caused by thermal and gravitational instabilities of a form-
ing spheroidal body. Indeed, the rapid increase of gravita-
tional field in an evolving gravitating spheroidal body leads
to disturbances of the particle distribution function of the
rotating spheroidal body and in passing from one virial equi-
librium state to another (at the given temperature) [16, 35].
As already stated here, the transition between different ther-
modynamic states is explained by existence of the multiple
states of virial equilibrium of the gravitating spheroidal body
under its formation [16, 35].

As noted regarding equations (29) and (30), the equilib-
rium distribution functions, e.g., volume density of probability
function Φðh, zÞ and one-dimensional probability density
f ðhÞ of finding a particle in a uniformly rotating spheroidal
body in the cylindrical frame of reference ðh, ε, zÞ, are
described by the following:

Φ h, zð Þ = α

2π
� �3/2

1 − ε20
� �

⋅ e−α h2 1−ε20ð Þ+z2ð Þ/2, ð92aÞ

f hð Þ = α 1 − ε20
� �

⋅ h e−α 1−ε20ð Þh2/2: ð92bÞ

Jeans [2] found (on p.68) that under transition to a new
state of virial equilibrium, it is possible that the temperature
of gravitating gas (nebulae) increases due to the energy of
the gravitational field, whose potential in the case of a
rotating spheroidal body is described by the following for-
mula (see in [16], p. 299):

φg r, θð Þ = −
γMffiffiffi
π

p α3/2 1 − ε20
� �ð∞

0
 

� e−αr2 1−ε20ð Þ sin2θð Þ/ 2+sα 1−ε20ð Þð Þð Þ− cos2θð Þ/ 2+sαð Þð Þ½ �

� dsffiffiffiffiffiffiffiffiffiffiffiffi
2 + sα

p
⋅ 2 + sα 1 − ε20

� �� � :
ð93Þ

This means that an unstable state of virial equilibrium
can be violated with the increasing temperature of a sphe-
roidal body. Moreover, the temperature increase leads to
an increase in the kinetic energy of the thermal motion of
particles, so that many of them acquire the mean square
velocity of thermal movement becoming greater than the

escape velocity from the spheroidal body, that is,
ffiffiffiffiffiffiffiffi
v2

p
≥ffiffiffiffiffiffiffiffiffiffi

2jφgj
q

. The separation process of the spheroidal body

leads to the formation of its inner zone I (a stellar core)

and remote zone II (an exterior shell) [16]. While leaving
the core of the spheroidal body, these particles begin mov-
ing on Keplerian elliptical orbits (see [64]):

r = a ⋅
ffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

1 + e ⋅ cos ε − ε∗ð Þ , ð94Þ

where a is a major semiaxis of protoplanets and e is an
eccentricity of a particle orbit. Obviously, we can find the
critical velocity of the escape of particles from this core of
spheroidal body in a remote zone II when r > >r∗
(r∗ = 1/ ffiffiffi

α
p

is a point of mass density overfall [16, 34] con-
sidering as a radius of the inner core) excluding the poten-
tial of centrifugal force [16, 31, 33]:

vc =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 φg

���
r>>r∗

����
����

s
=

ffiffiffiffiffiffiffiffiffiffi2γMp
ffiffi
r

p
⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε0

2sin2θ04
p : ð95Þ

If we take into account the potential of the centrifugal

force Wc = −ð1/2Þ½Ω! × r!�
2
[34, 64], the escape velocity of

particles from the core of a rotating spheroidal body can
be calculated through the potential of gravity ψg = φg +Wc

as follows:

vc =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 φg

��� ��� +Wc

� �r
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 φg r, θð Þ
��� ��� −Ω2r2sin2θ

r

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 φg

��� ��� −Ω2h2
r

:

ð96Þ

In connection with this, we need to estimate a number of
particles which leave the rotating spheroidal body (due to their
thermal chaotic motions) and move along Keplerian elliptical
trajectories in its gravitational field. According to [2] (p. 364),
the particle distribution function of a self-gravitating gas-dust
protoplanetary cloud obeys Jeans equation. As shown by Jeans
[2] (p. 371), the joint distribution function of the spatial coor-
dinates x, y, z and the corresponding velocity v! components
u, υ,w for such particles is described by the following expres-
sion (see also [16, 34]):

Φ r!, v!
� �

=Φ r! x, y, zð Þ ⋅Φv! u, υ,wð Þ
= a ⋅ e2βm0 −φg+Ω2 x2+y2ð Þ/2½ � ⋅ e−βm0 u−Ωyð Þ2+ υ+Ωxð Þ2+w2½ �

= b ⋅ e−βm0 u−Ωyð Þ2+ υ+Ωxð Þ2+w2½ � ⋅ c ⋅ e−2βm0 2φg−Ω
2 x2+y2ð Þ/2½ �,

ð97Þ

where a = b ⋅ c. Substituting the integration constants b =
ðβm0/πÞ3/2and β = 1/2kBT into Eq. (97) in accordance with
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[16] (p.130-132) gives us the joint Jeans distribution function
of spatial coordinates as well as velocity components for parti-
cles in a gravitational field:

Φ r!, v!
� �

=Φ r
! x, y, zð Þ ⋅Φv! u, υ,wð Þ =

= c ⋅ m0
2πkBT


 �3/2
⋅ e− m0/2kBTð Þ⋅ 2φg−Ω

2 x2+y2ð Þ½ �

⋅ e− m0/2kBTð Þ⋅ u−Ωyð Þ2+ υ+Ωxð Þ2+w2½ �,

ð98Þ

where kB = 1:38 ⋅ 10−23J ⋅ K−1 is the Boltzmann constant. In
particular, as follows from equation (98), the Jeans distribu-
tion function of the spatial coordinates of particles in the
gravitational field of a uniformly rotating spheroidal body
with the gravitational potential at an interior point [16]
(p. 455)

φg h, zð Þ = 2πγρ0
1 − ε20

2 1 − ε20
� �2 + 1

� 1 − ε20
� �2

h2 + z2 −
4 1 − ε20
� �

+ 2
α

� �

≈ −
4πγρ0r2

α
+ 2πγρ0r2

3 ,

ð99Þ

becomes as follows:

Φ r! x, y, zð Þ = c ⋅ e− m0/2kBTð Þ⋅ −8πγρ0/α+ 4πγρ0/3ð Þr2−Ω2 x2+y2ð Þ½ �

= c ⋅ e 4πγm0ρ0/αkBTð Þ ⋅ e− 2πγm0ρ0/3kBTð Þ⋅ r2− 3Ω2/4πγρ0ð Þ⋅h2½ �:
ð100Þ

Comparing (100) with formula (92a) for the equilib-
rium probability volume density distribution function of
particles in a uniformly rotating gravitating spheroidal
body, we can see their full identity, which allows deter-
mining of the basic parameters in the state of virial equi-
librium of a rotating spheroidal body [16, 34]:

α = 2πγm0ρ0
3kBT

, ð101aÞ

ε20 =
3Ω2

4πγρ0
, ð101bÞ

c = α

2π
� �3/2

1 − ε20
� �

⋅ e−6: ð101cÞ

Assuming that ρ0 =M/ð4πr3∗/3Þ, r∗ = 1/ ffiffiffi
α

p
, formulas

(101a) and (101b) become the following:

α = γm0M

2kBTr3∗
, ð102aÞ

ε20 =
Ω2r3∗
γM

: ð102bÞ

According to (102a), the parameter of gravitational
condensation α is directly proportional to the particle

potential energy Eg intðr∗Þ = γm0M/r∗ in the gravitational
field at distance r∗ from the center and inversely propor-
tional to the temperature T of a rotating spheroidal body
in the virial equilibrium state [35]. Let us note that if

ε20 = 1 in (102b), then, r∗ = ðγM/Ω2Þ1/2 = ℓ0 is the cross-
section radius of a critical equipotential surface in Roche’s
model [2] (p. 252) (see also [16], p. 84–85); therefore,
ε20 = r3∗/ℓ30 < 1 as a rule, that is, equation (102b) is valid.

We will now estimate the number ℵ1 of particles leav-
ing a rotating spheroidal body which appeared in a state
of virial equilibrium with temperature T . According to
the Poincaré virial theorem [2] (p. 68) applied to a gravi-
tating spheroidal body as a cloud-like configuration of
ideal gas, the mean value of square velocity of thermal
particle motion v2, averaged over all the separate masses,
is equal to the average value of the gravitational potential
−ð1/2Þφg of the gaseous cloud in steady state. In other
words, the absolute value of the average potential energy
of interaction �Eg of a moving particle is equal to its
double-average kinetic energy �Ek. Using the Maxwell
velocity distribution of particles [65], we find the share
of particles whose velocities v are close to a given thermal
velocity:

dNv

N
= m0

2πkBT


 �3/2
⋅ e− m0v

2/2kBTð Þ: ð103aÞ

However, the magnitude of resulting velocity of the
moving particle within a uniformly rotating spheroidal

body consists of orbital velocity j½Ω! × r!�j =Ω ⋅ h and ther-
mal velocity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT/m0

p
, so that when we estimate the

number ℵ1 of particles leaving the rotating spheroidal
body at temperature T , we should use the Jeans distribu-
tion function of velocity components Φv!ðu, υ,wÞ which
appeared in equation (98) instead of equation (103a):

dNv

N
= m0

2πkBT


 �3/2
⋅ e− m0/2kBTð Þ⋅ u−Ωyð Þ2+ υ+Ωxð Þ2+w2½ �

= m0
2πkBT


 �3/2
⋅ e− m0/2kBTð Þ⋅ u2+υ2+w2ð Þ+2Ω υx−uyð Þ+Ω2 x2+y2ð Þ½ �

= m0
2πkBT


 �3/2
⋅ e−m0/2kBT ⋅ v2+2Ω_εh2+Ω2h2½ �

= m0
2πkBT


 �3/2
⋅ e−m0/2kBT ⋅ v2+ 2Ω_ε+Ω2ð Þh2½ �,

ð103bÞ

where _ε = dε/dt and ε stays for the azimuth angle in
the cylindrical reference frame ðh, ε, zÞ. When the particle

velocity v ≥
ffiffiffiffiffiffiffiffiffiffi
2jφgj

q
, according to (95), the number ℵ1 of
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particles leaving a spheroidal body due to thermal chaotic
motion can be expressed by the formula [34]:

ℵ1 =
ðℵ1

0
dNv =N

m0
2πkBT


 �3/2
∭ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u−Ωyð Þ2+ υ+Ωxð Þ2+w2
p

≥
ffiffiffiffiffiffiffiffi
2 φgj jp

� e− m0/2kBTð Þ⋅ u−Ωyð Þ2+ υ+Ωxð Þ2+w2½ �dudυdw

=N
m0

2πkBT


 �3/2
∭ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u′2+υ′2+w2
p

≥
ffiffiffiffiffiffiffiffi
2 φgj jp e− m0/2kBTð Þ⋅ u′2+υ′2+w2

� �

� du′dυ′dw = 4π ⋅N
m0

2πkBT


 �3/2ð
v ′≥

ffiffiffiffiffiffiffiffi
2 φgj jp

� e− m0/2kBTð Þ⋅v ′2v′2dv′ =N
m0

2πkBT


 �3/2
⋅ 4π
ð∞ ffiffiffiffiffiffiffiffi

2 φgj jp v′2

� e− m0/2kBTð Þ⋅v ′2dv′ =N
m0

2πkBT


 �3/2
⋅ 4π ⋅

kBT
m0

�
ð∞ ffiffiffiffiffiffiffiffi

2 φgj jp e− m0/2kBTð Þ⋅v ′2dv′ − v′ ⋅ e− m0/2kBTð Þ⋅v ′2 ∞ ffiffiffiffiffiffiffiffi
2 φgj jp����

" #

= 2N ⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0

2πkBT

r
⋅
ð∞ ffiffiffiffiffiffiffiffi

2 φgj jp e− m0/2kBTð Þ⋅v ′2dv′ +
ffiffiffiffiffiffiffiffiffiffiffi
2 φg

��� ���
r

⋅ e− m0 φgj j/kBTð Þ
" #

:

ð104Þ

Let us estimate the number of particles having the critical

thermal (escape) velocity vc =
ffiffiffiffiffiffiffiffiffiffi
2jϕgj

q
in the case of the solar

system. Taking into account that the Sun and the solar corona
were formed mainly of hydrogen atoms with the mass m0H
= 1:6734 ⋅ 10−27 (kg), the temperature of the solar corona is
approximately T ≈ 1:5 ⋅ 106ðKÞ, the radius of the solar disk is
equal to R = 6:955 ⋅ 108 (m), the thickness of the visible part
of the solar corona is estimated to be Δ = 2R (see [16, 35]),
so that r∗ = R + Δ = 3R = 2:0865 ⋅ 109 (m) [35], and the
squared geometric eccentricity of the solar disk with a visible
part of the solar corona is ε20 ≈ 1:799992 ⋅ 10−5 (see [16, 34]);
we can estimate the values used in formula (104):

vc =
ffiffiffiffiffiffiffiffiffiffiffi
2 φg

��� ���
r

θ0⟶π/2
�� =

ffiffiffiffiffiffiffiffiffiffi2γMp
ffiffiffiffiffi
r∗

p ⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε0

24
p ≈ 3:5651 ⋅ 105 m/sð Þ,

ð105aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0

2πkBT

r
≈ 3:5869 ⋅ 10−6 m/sð Þ, ð105bÞ

m0 φg

��� ���
kBT

= m0vc
2

2kBT
≈ 5:1375: ð105cÞ

To estimate the value of the integral in (104) in the case
of the solar system, we transform it into the following form
[16, 34]:

ℵ1 = 2N ⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0

2πkBT

r
⋅
ð∞ ffiffiffiffiffiffiffiffi

2 φgj jp e− v ′
ffiffiffiffiffiffiffiffiffiffiffi
m0/kBT

p� �2
/2dv′ +

ffiffiffiffiffiffiffiffiffiffiffi
2 φg

��� ���
r"

⋅ e− m0 φgj j/kBTð Þ
#
= 2N ⋅

1ffiffiffiffiffiffi
2π

p
ð∞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 φgj jm0/kBT
p e−s

2/2ds

"

+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φg

��� ���m0

πkBT

vuut
⋅ e− m0 φgj j/kBTð Þ

3
75

= 2N ⋅
1ffiffiffiffiffiffi
2π

p
ð∞
vc
ffiffiffiffiffiffiffiffiffiffiffi
m0/kBT

p e−s
2/2ds + vc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m0

2πkBT

r
⋅ e− m0vc

2/2kBTð Þ
" #

,

ð106aÞ

and then use the values of (105a) and (105b) as well as the
tabulation of the probability integral Pr½s > s∗� = ð1/ ffiffiffiffiffiffi

2π
p ÞÐ∞

s∗
e−s

2/2ds [66] when s∗ = vc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0/kBT

p
= 3:2054693 that

yields the following:

ℵ1 ≈ 2N ⋅
1ffiffiffiffiffiffi
2π

p
ð∞
3:2054693

e−s
2/2ds + 1:278781 ⋅ e−5:14

� �
≈ 2N ⋅ 0:000674212 + 1:278781 ⋅ 0:00585769½ �
= 2N ⋅ 0:0006742 + 0:0074907½ � ≈ 0:0082 ⋅N:

ð106bÞ

Thus, according to (106b) in the virial equilibrium state
at temperature T ≈ 1:5 ⋅ 106ðKÞ, the number ℵ1 of particles
leaving the solar corona due to thermal emission can be up
to 0.8% of the total number N of particles of the solar sys-
tem. This qualitative estimation is entirely consistent with
the abovementioned fact that more than 99% of the total
mass of the solar system is concentrated in the Sun. Let
us note that the part ℵ1 of all particles leaving a spheroidal
body collide with the ℵ2 particles of the peripheral region
of the rotating spheroidal body. As a result, some particles
leaving the spheroidal body come back. So, only a small
fraction of the escaped particles can be moving on elliptical
orbits in the gravitational field of a spheroidal body.

By analogy with (106b), the number ℵ2 of particles from
the peripheral region is also easily estimated through the
one-dimensional probability density function (92b) and the
maximum point value h = h∗ = 1/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð1 − ε20Þ

p
of this distri-

bution function [16, 34]:

ℵ2 =
ðℵ2

0
dNh =N

ð∞
h∗

f hð Þdh =N
ð∞
h∗

α 1 − ε20
� �

⋅ he−α 1−ε20ð Þh2/2 dh

=N
ð∞
+α 1−ε2ð Þh2/2

e−α 1−ε20ð Þh2/2 d α 1 − ε20
� �

h2/2
� �

=Ne−α 1−ε20ð Þh2∗/2

=Ne−1/2 ≈ 0:60653N:

ð107Þ

Because ℵ2 > >ℵ1 according to (106b) and (107), the
scattering of ℵ1 particles leaving the spheroidal body due
to the thermal emission on ℵ2 particles from the periphery
of the rotating spheroidal body takes place, leading to a
reduction in the number of particles really leaving the
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spheroidal body (in the case of the solar system from 0.8% to
0.13% of the total number of particles).

The Jeans distribution function (103b) for particles leav-
ing the spheroidal body can be regarded as a joint distribu-
tion function of the components of their thermal velocity
v! = ðu, υ,wÞ and the cylindrical coordinates h, ε of the plane
motion (or components of the orbital velocity ½Ω!1 × r!�,
where Ω

!
1
2
= 2Ω_ε +Ω2) in the gravitational field of a sphe-

roidal body:

Φ v!, Ω
!

1 × r!
h i� �

= m0
2πkBT


 �3/2
e− m0/2kBTð Þ⋅v!2

⋅ Ae− m0/2kBTð Þ⋅ 2Ω_ε+Ω2½ �h2

= m0
2πkBT


 �3/2
e− m0/2kBTð Þ⋅v!2

⋅ Ae− m0/2kBTð Þ⋅ Ω
!

1× r
!� �2

,

ð108Þ

after carrying out the respective normalization of this func-
tion to find Α. Thus, the joint distribution function of parti-
cles in the gravitational field of a spheroidal body can be
written as follows:

Φ v!, Ω
!

1 × r!
h i� �

= m0
2πkBT


 �3/2
e− m0/2kBTð Þ⋅v2 ⋅Ae− m0Ω1

2/2kBTð Þ⋅h2

=Φ v!
� �

⋅Φ Ω
!

1 × r!
h i� �

:

ð109Þ

Moreover, the normalization condition of the function

Φð½Ω!1 × r!�Þ looks like a two-dimensional analog of the nor-
malization condition of the function Φðv!Þ:
ð∞
0

ð∞
0
Φ Ω

!
1 × r!

h i� �
d Ω

!
1 × r!

h i
x
d Ω

!
1 × r!

h i
y

= A ⋅
ð∞
0

ð2π
0
e− m0Ω1

2/2kBTð Þ⋅h2Ω1hd Ω1hð Þdε = 1,

ð110aÞ

whence it follows that

A = m0
2πkBT

: ð110bÞ

Taking equations (109), (110a), and (110b) into account,
the distribution function of the particle components of the

orbital velocity ½Ω!1 × r!�, where jΩ!1j =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 + 2Ω_ε

p
, can be

written as follows:

Φ Ω
!

1 × r!
h i� �

= m0
2πkBT

⋅ e− m0/2kBTð Þ⋅ Ω
!

1× r
!� �2

= m0
2πkBT

⋅ e− m0Ω1
2/2kBTð Þ⋅h2 :

ð110cÞ

In a state of relative mechanical equilibrium of orbiting
particles in the gravitational field of a spheroidal body, we

assume that _ε =Ω ⋅ ða/rÞ2, i.e., _ε⟶Ω, that is, Ω
!

1
2
⟶ 3

Ω
!2

, so that formula (110c) becomes the following:

Φ Ω
!

1 × r!
h i� �

= m0
2πkBT

⋅ e− 3m0Ω
2/2kBTð Þ⋅h2

= m0
2πkBT

⋅ e− 3m0/2kBTð Þ⋅ Ω
!
× r!

� �2
:

ð111Þ

According to [64], in the field with central symmetry, the
projection of angular momentum L0 of a particle with a
mass m0 on the axis n! (passing through the center) is pre-
served: L0n! =m0h

2 _ε = const.
The value of the normal projection of the specific angu-

lar momentum is then equal to λ = L0n!/m0 = _εh2.
In the state of relative mechanical equilibrium of individ-

ual particles moving in elliptical orbits in the gravitational
field of a spheroidal body with a constant angular velocity
Ω1 = _ε1 = const around the z-axis and having specific angu-
lar momentum λ =Ω1h

2, equation (110c) can be trans-
formed (relative to λ) to find the distribution function of
the specific angular momentum as a result of thermal emis-
sion. Briefly speaking, now, we intend to find the thermal
distribution function of the specific angular momentum f T
ðλÞ [34]. For this, we note that the share dNλ/ℵ1 of particles
moving in elliptical orbits with a constant angular velocity
Ω1 = _ε1 = const around the z-axis and having a specific
angular momentum in the interval ½λ, λ + dλ� is equal to
the share dN j½Ω!1× r

!�j/ℵ1 of particles moving due to thermal

emission with the orbital velocities close to j½Ω!1 × r!�j =Ω1
⋅ h (see analogous equation (32) in Theorem 1) which can
be estimated using (110c) as follows:

f T λð Þdλ = dNλ

ℵ1
=
dNΩ1 ⋅h

ℵ1
= m0
2πkBT

⋅
ð2π
0
e− m0Ω1

2/2kBTð Þ⋅h2Ω1hd Ω1hð Þdε

= m0Ω1
2kBT

⋅ e− m0Ω1
2/2kBTð Þ⋅h2d Ω1h

2� �
= m0Ω1

2kBT
⋅ e− m0Ω1/2kBTð Þ⋅λdλ,

ð112aÞ

whence we see that

f T λð Þ = m0Ω1
2kBT

⋅ e− m0Ω1/2kBTð Þ⋅λ: ð112bÞ
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Furthermore, by analogy with equation (7b) using the
integration by parts, we can calculate the average specific
angular momentum as a result of thermal escape emission:

�λT =
ð∞
0
λf T λð Þdλ = λ

ð
f T λð Þdλ ∞

0j −
ð∞
0
dλ
ð
f T λð Þdλ

= −λ ⋅ e−m0Ω1λ/2kBT ∞
0j −

ð∞
0

−e−m0Ω1λ/2kBT
� �

dλ

= 2kBT
m0Ω1

ð∞
0
f T λð Þdλ = 2kBT

m0Ω1
:

ð113Þ

According to (112a), the number of particles having
the specific angular momentum values close to λ, which
resulted from thermal escape emission, is equal to

dNλ =ℵ1 ⋅
m0Ω1
2kBT

⋅ e−m0Ω1λ/2kBTdλ =ℵ1 f T λð Þdλ: ð114Þ

Starting from (114), it is easy to calculate the total
angular momentum of the rotating outer shell formed by
ℵ1 particles leaving the spheroidal body due to chaotic
thermal escape in relative mechanical equilibrium:

LT =
ðℵ1

0
m0λdNλ =m0ℵ1

ð∞
0
λf T λð Þdλ =m0ℵ1

�λT : ð115Þ

Substituting (113) into (115), we find that the value of
the total angular momentum of the uniformly rotating
outer shell formed by the particles that have left as a result
of thermal escape is expressed by the following formula:

LT = 2kBTℵ1
Ω1

= 2kBT ιN
Ω1

= 2ιkBTM
m0Ω1

, ð116Þ

where ι =ℵ1/N is a share of the total number of particles
leaving the spheroidal body due to thermal chaotic motion
(according to (106b) for the solar system ι ≈ 0:0082).

For comparison, we note that according to (7b) and (37),
the value of the total angular momentum of a uniformly
rotating spheroidal body is given by the following formula
[16, 31]:

L =
ðN
0
m0λdNλ =m0N

ð∞
0
λf λð Þdλ =M�λ = 2ΩM

α 1 − ε20
� � :

ð117Þ

Let us compare the value of the total angular momentum
(117) of a uniformly rotating spheroidal body with the total

angular momentum value of a uniformly rotating outer shell
(116) in the case of the solar system. As in derivation of for-
mula (111), we note that _ε =Ω ⋅ ða/rÞ3/2 (in accordance with
the Kepler 3rd law) and we also suppose _ε⟶Ω in a state of
relative mechanical equilibrium of a rotating protoplanetary
cloud in the gravitational field of the Sun, so that Ω1 =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 + 2Ω_ε

p
⟶Ω

ffiffiffi
3

p
. Further, taking into account that the

Sun was formed mainly from hydrogen atoms with mass
m0H = 1:6734 ⋅ 10−27 (kg), average temperature T ≈ 1:47 ⋅
107ðKÞ, angular speed of rotation of the externally visible
layers of the Sun (at the equator) Ω ≈ 2:91 ⋅ 10−6 (s−1),
parameter of gravitational condensation of the spheroidal
body estimated as α ≈ 2:297 ⋅ 10−19 (m−2) [16, 35], and
square geometric eccentricity of the solar disk ε20 ≈
1:799992 ⋅ 10−5 [16, 33, 34], we can estimate the values of
the total angular momentums of the Sun (as a core of the
spheroidal body) and the outer shell (as а secondary proto-
planetary cloud) based on equations (116) and (117):

L = 2ΩMS
α 1 − ε20
� � = 2 ⋅ 2:91 ⋅ 10−6

2:297 ⋅ 10−19 ⋅ 1 − 1:799992 ⋅ 10−5
� �

⋅MS ≈ 2:534 ⋅ 1013 ⋅MS kg ⋅m2/s
� �

,
ð118aÞ

LT = 2ιkBTMS
m0Ω1

∝
2 ⋅ 1:38 ⋅ 10−23 ⋅ 1:47 ⋅ 107 ⋅ 0:0082ffiffiffi

3
p

⋅ 1:6734 ⋅ 10−27 ⋅ 2:91 ⋅ 10−6
⋅MS ≈ 3:945 ⋅ 1014 ⋅MS kg ⋅m2/s

� �
,

ð118bÞ
whereMS is the mass of the Sun. The estimations (118a) and
(118b) provide a useful although rough guess on the total
angular momentums of the Sun and the secondary proto-
planetary cloud showing that

LT
L

∝ 15:57: ð119Þ

A surprising fact is that only 0.8% of the total number of
particles of the solar system composing the secondary proto-
planetary cloud has angular momentum 15.6 times higher
than the angular momentum of the remaining 99% .

Thus, according to (118a) and (118b), only 6% of the
total angular momentum belongs to the Sun, while the
remaining 94% goes to the secondary protoplanetary cloud.
These qualitative estimations in the case of the solar system,
in general, confirm the known fact of a nonuniform distribu-
tion of the angular momentum noted by ter Haar [5, 24]
who estimated that only 2% of the total angular momentum
belongs to the Sun, while the remaining 98% belongs to the
planets. They also pointed to a possibility to use the above-
considered model of “removal” of the maximal specific
angular momentum from a spheroidal body by particles
due to their thermal escape. A more appropriate model of
removal of angular momentum by particles as a result of
the thermal emission from a spheroidal body and, therefore,
more accurate estimations of the total angular momentum
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of the Sun and the secondary protoplanetary cloud can be
obtained by taking into account the multiple of states of virial
equilibrium of a spheroidal body at different temperatures Tl
which is also confirmed by numerical modeling of the proto-
stellar hydrodynamic collapse of stars during their formation
[37]. As already noted, the contemporary understanding holds
that the evolution from dust to planet can be divided into three
successive phases [40, 67], ([68]p. 267)); nevertheless, plane-
tesimals may also form in the stage of modern planetary sys-
tem evolution by the direct collisional accretion of colliding
“hot” particles from а secondary protoplanetary cloud.

Indeed, due to thermal emission, particles leaving the
core of the spheroidal body (the star) move in orbits in the
gravitational field of a spheroidal body. Then, taking into
account the Schmidt approach [4, 7, 38], the distributions
of orbits and masses of moving “hot” particles swarm, as well
as aggregated bodies (planetesimals, planetary embryos, and
meteorites), with orbital specific angular momentums which
belong to certain interval of values, described by the follow-
ing formulas [7]:

a = l
2 ⋅

1 + e
1 − e

, ð120aÞ

dm = m0
2 ⋅ de, ð120bÞ

where l is a limiting distance at which the capture takes place
and which is constant for all systems [38]. In fact, l is a
parameter of the parabolic orbit which becomes an elliptic
one when the capture occurs (in this case, 1/2 = Rp and a
= Ra where Rp = rmin is a perihelion and Ra = rmax is an aph-
elion of the orbit [16]).

According to formulas (24c) and (120a), we establish
that the orbital specific angular momentum of a moving
body is equal:

C =
ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅ 1 + eð Þ: ð121Þ

Taking into account equation (1), let μn be a value of the
orbital specific angular momentum corresponding to the
border between the regions of nth and ðn + 1Þth extrasolar
protoplanets (or planetary embryos), whose orbital specific
angular momentums are equal to Cn and Cn+1, respectively.
Then, for a moving body at the boundary distance, for which
the value en′ is known, the orbital specific angular momen-
tum can be found by following the relation:

μn =
ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅ 1 + en′
� �

: ð122Þ

Taking the orbital angular momentum of the n-extrasolar
planet (with the mass mn and the orbital specific angular
momentum Cn) equal to the total orbital angular momentum

of bodies moving in close orbits (particles due to thermal
emission or meteoritic matter [7, 38]), we have the following:

mnCn =
ðen′
en−1′

ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅ 1 + eð Þm0

2 ⋅ de

=
ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅
m0
2 en′ − en−1′
� �

+ 1
2 e′2n − e′2n−1
� �� �

=

=
ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅
m0
2 en′ − en−1′
� �

⋅ 1 + 1
2 en′ + en−1′
� �� �

:

ð123Þ

Using the designation

mn =
m0
2 ⋅ en′ − en−1′

� �
, ð124Þ

the previous equality (123) (in view of (124)) takes the follow-
ing form:

mnCn =mn

ffiffiffiffiffiffiffiffiffi
γMl
2

r
⋅

1 + en′
� �

+ 1 + en−1′
� �
2 = mn

2 μn−1 + μnð Þ:
ð125Þ

As shown in Section 3 (see analogous formula (21)),
taking into account equation (1), we can establish from
(125) that

Cn =
Cn+1 + Cn−1

2 , ð126Þ

and then

ffiffiffiffiffi
an

p =
ffiffiffiffiffiffiffiffi
an+1

p + ffiffiffiffiffiffiffiffi
an−1

p
2 : ð127Þ

The solution of the difference equation (127) is again
the well-known Schmidt law of planetary distances (28).
As a result, according to the considered model of Schmidt,
the orbits of formed extrasolar planets should be close to
circular and an should be a radius of the circular orbit.
Then, according to formula (25), the value of orbital
specific angular momentum of the formed protoplanet is
equal to C∗

n =
ffiffiffiffiffiffiffiffiffiffiffiffi
γMan

p
which is observed in some known

planetary systems, e.g., in the system of HD 10180 [69]
and in our solar system. An examination of [69] shows
that the known laws of planetary distances (for example,
Nieto [7], Schmidt [4], Gurevich and Lebedinsky [39],
and Poveda and Lara [61]) may indeed occur in some
exoplanetary systems.
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5. Summary and Conclusion

The discovery of extrasolar planets is one of the greatest
achievements of modern astronomy. At the present level of
development of the observational technique based on the
HARPS spectrograph, the discovery of new extrasolar planets
of small mass within 1AU is no simple task [69]. Therefore, in
the conditions of limited data, it is not worth thinking about
some “missing” planets, possibly included in the interplane-
tary distances, so that these data fully comply with the known
laws of planetary distances. In this connection, this paper
develops twomodels of the formation of protoplanets in extra-
solar systems to derive the law of planetary distances: the first
is based on the initial (relic) flattened protoplanetary gas-dust
cloud as a spheroidal body [16, 31] with a distribution func-
tion f ðλÞ of the specific angular momentum λ, and the second
is founded on the secondary gas-dust cloud with a thermal dis-
tribution function f TðλÞ of the specific angular momentum of
particles leaving the central body (a core of spheroidal body)
due to their thermal motions. To this end, the distribution
function (3) of a specific angular momentum for a rotating
uniformly spheroidal body (as a gas-dust flattened protoplan-
etary cloud) was used. As the specific angular momentums
(for particles or planetesimals) are averaged during a con-
glomeration process (under formation of planetary embryo),
the general equation (15) of the distribution of specific angular
momentum of forming protoplanets was derived in Section 3.
As a result, a new law (91) for planetary distances (which gen-
eralizes Schmidt’s law) was derived theoretically. Moreover,
unlike the well-known planetary distance laws, the proposed
law was established by a physical dependence of the plane-
tary distances on the averaged value of the specific angular
momentum �λ. The proposed new law nicely meets the real
planetary distances in the solar system (0% for the relative
error of estimation and 1.4% for the absolute error) [31].

An alternative thermal emission model of the formation
of protoplanets in extrasolar systems was developed in Sec-
tion 4. In the state of relative mechanical equilibrium of par-
ticles moving in elliptical orbits in the gravitational field of a
spheroidal body and having a specific angular momentum
value λ =Ω1h

2, equation (112b) for the thermal distribution
function f TðλÞ of the specific angular momentum was
derived. According to this model (112b)–(116), only 0.8%
of the total number of particles in the protoplanetary cloud
of the solar system had angular momentum 15.6 times
higher than the angular momentum of the remaining 99%
of particles. This conclusion agrees entirely with the known
fact of a nonuniform distribution of the angular momentum
noted by Nieto [7, 32]. According to (120a)–(127), an appli-
cation of a statistical model of particles moving in the grav-
itational field of a spheroidal body due to thermal emission
to the formation of protoplanets and the estimation of plan-
etary distances was considered in Section 4.

Thus, as shown in Section 3, the law of the kind log an
= с1 + c2n (see formula (80b)) is obtained when the initial
distribution density ρðaÞ of planetesimals is approximated
by a function a−3/2 in accordance with (50), while at a con-
stant density ρðaÞ, the major semiaxes an of the orbits of

extrasolar planets satisfy the relation of the form
ffiffiffiffiffi
an

p = с1
+ c2n, that is, Schmidt’s law of planetary distances (127).
However, this conclusion can be drawn with confidence
when all extrasolar planets are discovered in the exoplanetary
systems under study, especially low-mass planets. Indeed, the
analysis of ref. [69] shows that a fairly regular interval between
adjacent extrasolar planets is observed mainly for low-mass
exoplanetary systems HD 40307, HD 69830, and HD 10180
and to a lesser extent for GJ 581 [70]. Among massive exopla-
netary systems (for example, 55 Cnc), there is also an almost
regular interval of planetary distances [60] but the presence of
gas giant planets in this system makes the interactions of extra-
solar planets among themselves much stronger and, perhaps,
indicates a different scenario of formation of massive exoplane-
tary systems [70] in comparison with low-mass exoplanetary
systems. In this regard, concentrating on considering only
low-mass exoplanetary systems, the work [69] shows the graphs
of correspondence of the observed distributions of the major
semiaxes an of the orbits of extrasolar planets to the exponen-
tial law of planetary distances an = с1 ⋅ c2n (see also (80c)) as a
function of the number n of extrasolar planets, starting with n
= 1. Really, satisfactory compliance with the exponential law
has been obtained for low-mass exoplanetary systems HD
40307, HD 69830, and HD 10180 with a relative standard devi-
ation error of 0.57%, 10.2%, and 12.0%, respectively [69].
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