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The classical sigma-point Kalman filter (SPKF) is widely used in a spacecraft state estimation area with the Gaussian white noise
hypothesis. The actual sensor noise is often disturbed by outliers in the harsh space environment, and the SPKF algorithm will
reduce the filtering accuracy or even diverge. In this study, to enhance the robustness under non-Gaussian noise condition, the
outlier-robust SPKF algorithm based on a centered error entropy (CEE) criterion is derived. Unscented Kalman filter (UKF) is
typical of SPKF; combining the deterministic sampling criterion with the centered error entropy criterion, a robust centered
error entropy UKF (CEEUKF) algorithm is proposed. The CEEUKF uses the unscented transformation (UT) method to
perform time update step and then uses the robust regression model and CEE criterion to reconstruct the measurement update
step. The effectiveness of the proposed CEEUKF is verified by a spacecraft attitude determination system.

1. Introduction

The star sensor is a high-precision attitude sensor. The
spacecraft’s inertial attitude can be directly determined by
using the measurement data of the star’s direction from
the star sensor fixed to the satellite body [1–3]. The gyro-
scope has complementary characteristics with the star sen-
sor, its dynamic response is fast, the random measurement
error of the high-precision gyroscope is small, and its drift
can be calibrated by the star sensor. Therefore, the combined
use of star sensors and gyroscopes is the guarantee for high-
precision attitude determination [4]. Nanosatellites often use
low-precision sensors, which are easily disturbed by harsh
environments. So, it is of great significance to study high-
precision robust state estimation algorithms [5–7].

A spacecraft attitude kinematics model, attitude mea-
surement model, and filter algorithm are three important
parts in spacecraft attitude determination, and a high-
precision filtering algorithm is the key to attitude determina-
tion. The Kalman filter (KF) is the optimal filter with the
linear Gaussian framework. Once it came out, it has been
widely used in various fields of industry [8, 9]. However,
actual systems are often nonlinear systems, and there is no

optimal filtering algorithm for nonlinear systems. Only
approximate methods can be used for the nonlinear Gaussian
systems. For nonlinear filtering problems, approximating
the nonlinear model to a linear model is a widely used
method at present. The extended Kalman filter (EKF)
adopted this idea, which linearized the nonlinear model
and used the traditional Kalman filter to estimate the state
[9–12]. The nonlinear filtering algorithm based on a deter-
ministic sampling criterion can approximately solve the a
posteriori integral under Gaussian hypothesis, so as to
determine the first two moments of the a posteriori state.
Compared with the linearization of nonlinear function, a
deterministic sampling method has high precision and
moderate amount of calculation. It is a powerful tool to
solve the problem of nonlinear filtering. Unscented trans-
formation, cubature transformation, and Stirling interpola-
tion formula are three widely used deterministic sampling
methods. The resulting nonlinear Gaussian filtering methods
are called unscented Kalman filter (UKF), cubature Kalman
filter (CKF), and central differential Kalman filter (CDKF).
Since these methods involve the sampling of deterministic
points, they are called SPKF methods in this paper. In the
Gaussian system, these sampling methods can approach the
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first three moments of the state and have similar filtering
accuracy [13–18].

Although the SPKF algorithm performs well in ideal
Gaussian white noise, the actual operating conditions of
the spacecraft in orbit are complicated. Space environmental
interference, solar panel jitter, and flicker noise will make the
noise no longer meet the Gaussian distribution and present a
heavy-tailed non-Gaussian situation [19–21]. In the nonlin-
ear non-Gaussian system, the classical SPKF filtering
method is no longer applicable, and there will be obvious
accuracy degradation or even filtering divergence. The
essential reason is that the classical nonlinear filtering algo-
rithms are all based on the minimum mean square error
(MMSE) criterion to calculate the mean and covariance of
a posteriori state, while the MMSE criterion is sensitive to
outliers and is not robust to non-Gaussian noise. Robust
algorithms can effectively deal with non-Gaussian noise
situations [22, 23].

A particle filter (PF) has no restrictions on the character-
istics and noise conditions of the system and can deal with
non-Gaussian noise. Its filtering accuracy is positively corre-
lated with the number of particles. In the high-dimensional
model, the number of particles exponentially increasing with
the dimension will lead to the rapid increase in the compu-
tational complexity of the PF algorithm, which makes it dif-
ficult to carry out practical engineering application [24]. A
Gaussian sum filter (GSF) models the system process noise
and measurement noise in the form of finite weighted sum
of Gaussian distribution and then runs multiple Gaussian
Kalman filters to calculate the weighted sum, so as to
approximate the posterior probability density of the system
and obtain the posterior state estimation [25]. When apply-
ing the GSF method, the probability density of noise is
required to be known, and the increase in Gaussian summa-
tion term will lead to the exponential increase in calculation
[26]. Student’s t-based Kalman filter models non-Gaussian
noise as special Student’s t distribution [26]; it is not suitable
for general non-Gaussian noise. The robust estimation
method based on generalized maximum likelihood estima-
tion (M-estimation) is also an effective way to deal with
non-Gaussian noise [27]. The M-estimation method estab-
lishes the regression model by combining the system equa-
tion and the measurement equation and then obtains the
final state estimation value based on the influence function.
This method assigns different weights to different sample
points, so it can reduce the influence of outliers on the esti-
mation value. The robust Huber filtering (HF) algorithm is a
classical M-estimation method based on Huber’s cost func-
tion, and it is a combination of minimum l1 and l2 norm
[28, 29]. The accuracy of the HF algorithm is limited because
the Huber cost function cannot be reduced back. Filters
based on the entropy criterion in information theory learn-
ing are also M-estimation methods. The maximum corren-
tropy (MC) criterion-based Kalman filter (MCKF) suitable
for a linear non-Gaussian system is developed first [30],
and then, the nonlinear non-Gaussian filters such as maxi-
mum correntropy unscented Kalman filter (MCUKF) and
maximum correntropy square-root cubature Kalman filter
(MCSCKF) are derived [31–33]. The minimum error

entropy (MEE) criterion may be more robust than MC. Sev-
eral filters based on the MEE criterion, such as MEEKF and
MEEUKF, can effectively deal with heavy-tailed non-
Gaussian noise and multimodal distribution noises [34].

However, the existing MEE-based filters are biased esti-
mators because the MEE criterion is shift-invariant [35].
Besides, the MEEKF may have numerical instability [36,
37]. Recently, the MEEKF algorithm has been corrected
and the robust MEEKF (R-MEEKF) algorithm is formed
[36], but this cannot change the characteristics of the MEE.
The CEE criterion has been verified to be more robust than
MEE and MC criteria [38, 39]. The CEEKF for the linear
non-Gaussian system has been developed [40]. In this paper,
we are committed to extending this algorithm to nonlinear
and non-Gaussian fields. By referring to the research idea
of nonlinear filtering, this paper combines the deterministic
sampling criterion with the CEE criterion and develops sev-
eral sigma-point filtering methods based on the CEE crite-
rion. Among our study, the sigma-point sampling methods
are used to perform time update step. Then, the posterior
state is redesigned by CEE. Because the higher-order infor-
mation of the error is captured by the CEE criterion,
CEESPKFs should be more robust to deal with non-
Gaussian noise. Because several sampling methods have
similar accuracy, the typical UKF algorithm is used for algo-
rithm development and numerical simulation. The application
to a tracking problem and spacecraft attitude determination
system verifies this theory. The simulation results show that
the proposed filter has higher accuracy than the classical
UKF and existing robust MCUKF and MEEUKF algorithms.

The outline of this paper is as follows. The classical UKF
algorithm and CEE criterion are introduced in Section 2.
The CEEUKF algorithm is derived in Section 3. The simula-
tion example is shown in Section 4. The conclusion is intro-
duced in Section 5.

2. Related Work

2.1. Centered Error Entropy Criterion

2.1.1. Error Entropy Criterion. The quadratic Renyi’s entropy
of error x is expressed as

H2 = − ln
ð
p2 xð Þdx, ð1Þ

where the exact probability density function (PDF) pðxÞ can
be approximated by samples fxi, i = 1,⋯,Lg [41]:

p xð Þ = 1
L
〠
N

i=1
Gσ x − xið Þ, ð2Þ

where Gσðx − xiÞ = exp f−ðx − xiÞ2/2σ2g is the Gaussian ker-
nel function and σ is the kernel size. So, Renyi’s entropy can
be approximated as

H2 xð Þ = − ln
ð 1

L
〠
N

i=1
Gσ x − xið Þ

 !2

dx = − ln
1
L2

〠
L

i=1
〠
L

j=1
G ffiffi

2
p

σ xi − xj
� �

:

ð3Þ
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The information potential (IP) can be denoted by

V2 xð Þ = 1
L2

〠
L

i=1
〠
L

j=1
G ffiffi

2
p

σ xi − xj
� �

: ð4Þ

So, minimizing error entropy means maximizing the
information potential.

2.1.2. Correntropy Criterion. For variables A and B, the cor-
rentropy has the following definition [30]:

Cσ A, Bð Þ = E Kσ A, Bð Þ½ � =∬Gσ a − bð ÞpAB a, bð Þdadb, ð5Þ

where Kσða, bÞ =Gσða − bÞ is the Gaussian kernel function
and σ is the kernel size;GσðxÞ = exp ð−x2/2σ2Þ is the Gaussian
function. The L samples fei, i = 1,⋯,Lg are used to approxi-
mate the correntropy.

Cσ A, Bð Þ = 1
L
〠
L

i=1
Gσ eið Þ: ð6Þ

2.1.3. Centered Error Entropy Criterion.We take the weighted
combination of MC and MEE as the expression of CEE [40,
42], and the CEE criterion is shown as

JL = λ
1
L
〠
L

i=1
Gσ1

eið Þ + 1 − λð Þ 1
L2

〠
L

i=1
〠
L

j=1
Gσ2

ei − ej
� �

, ð7Þ

where λ ∈ ½0, 1� is the weight constant. The CEE becomes the
MEE when λ = 0 which degenerates to the MC when λ = 1.
σ1 and σ2 are the kernel sizes with the same definition as (4)
and (6).

2.2. Sigma-Point Kalman Filter. The nonlinear discrete time
system is

xk = f xk−1ð Þ + qk−1, ð8Þ

zk = h xkð Þ + rk, ð9Þ

where xk ∈ℝn and zk ∈ℝm are the state and measurement
vectors, respectively. fð⋅Þ and hð⋅Þ are the progress function
and measurement function, respectively. qk ∈ℝn is the sys-
tem process noise, and rk ∈ℝm is the sensor measurement
noise. Noises have zero mean, and their statistical character-
istics are

E qkqTk
� �

=Qk, E rkrTk
� �

= Rk, ð10Þ

where Qk and Rk are process noise and measurement noise
covariances, respectively.

According to Bayesian filtering theory, the filtering pro-
cess includes two steps: time update and measurement
update. The time update step contains computing the pre-
diction PDF, and the measurement update step contains
computing the posterior PDF [43]. When the prior PDF
pðxk−1jz1:k−1Þ is known, the state one-step prediction PDF
pðxkjz1:k−1Þ can be expressed as

p xk z1:k−1jð Þ =
ð
p xk xk−1jð Þp xk−1 z1:k−1jð Þdxk−1, ð11Þ

where z1:k−1 represents the measurement value at the pre-
vious k − 1 times. When the observation at time k is
known, the state posterior PDF pðxkjz1:kÞ can be recur-
sively transferred as

p xk z1:kjð Þ = p zk xkjð Þp xk z1:k−1jð ÞÐ
p zk xkjð Þp xk z1:k−1jð Þdxk

, ð12Þ

where pðzkjxkÞ is the likelihood function. The posterior
PDFs in equations (11) and (12) are only ideal solution,
which cannot be solved accurately in practical application.

The Gaussian assumption is often used to study the
implementation of Bayesian filtering theory. The Gaussian
distribution can be perfectly described by the mean and var-
iance of the system state estimation. Therefore, equations
(11) and (12) can be expressed as follows:

p xk z1:k−1jð Þ =N xk ; x̂k k−1j , Pk k−1j
� �

,

p xk z1:kjð Þ =N xk ; x̂k, Pkð Þ,
ð13Þ

where Nðxk−1 ; x̂k−1, Pk−1Þ represents the Gaussian distribu-
tion with mean x̂k−1 and variance Pk−1. The Gaussian
approximate filter contains time update step and measure-
ment update step [43]:

The time update step contains computing the prediction
state mean and error covariance:

x̂k k−1j =
ð
ℝn
f xk−1ð ÞN xk−1 ; x̂k−1, Pk−1ð Þdxk−1,

Pk k−1j =
ð
ℝn
f xk−1ð ÞfT xk−1ð ÞN xk−1 ; x̂k−1, Pk−1ð Þdxk−1

− x̂k k−1j x̂Tk k−1j +Qk−1:

ð14Þ

The measurement update step contains computing the
posterior state mean and error covariance:

x̂k = x̂k k−1j +Kk zk − ẑk k−1j
� �

,

Pk = Pk k−1j −KkPT
xz ,

ð15Þ
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where

Kk = PxzPzz
−1,

ẑk k−1j =
ð
ℝn
h xkð ÞN xk−1 ; x̂k−1, Pk−1ð Þdxk,

Pxz =
ð
ℝn

xk − x̂k k−1j
� �

h xkð Þ − zkð ÞTN xk ; x̂k k−1j , Pk k−1j
� �

dxk,

Pzz =
ð
ℝn

h xkð Þ − zkð Þ h xkð Þ − zkð ÞTN xk ; x̂k k−1j , Pk k−1j
� �

dxk:

ð16Þ

The above five Gaussian weighted integrals can be writ-
ten in a unified form:

I gð Þ =
ð
ℝn
g xð Þ exp −xTx

� �
dx, ð17Þ

where gðxÞ is an arbitrary integral function and ℝn is the
integral region, the analytical solution of the integral cannot
be obtained, and the approximate solution is usually
obtained by the quadrature criterion.

I gð Þ =
ð
ℝn
g xð Þ exp −xTx

� �
dx ≈ 〠

N

i=1
wig xið Þ, ð18Þ

where xi and wi are the integration points and correspond-
ing weights of the Gaussian density, respectively, and N is
the number of integration points.

Different sigma-point Kalman filters are obtained by
using different approximate integration methods. UKF,
CKF, and CDKF are all sigma-point Kalman filters. Next,
the typical UT method is used in this paper, and the UKF
is reviewed.

2.3. Classical UKF. Classical UKF uses the UT method to get
sampling points and approximate the state mean and error
covariance of a PDF [13]. The UKF method considers that
it is easier to approximate PDF than a nonlinear function.
Time update and measurement steps are also contained in it.

Time update step: firstly, the sigma points ξi,k−1ði = 0, 1,
⋯,2nÞ are generated by x̂k−1 and Pk−1.

ξ0 = x̂k−1,

ξi = x̂k−1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n + ℏð ÞPk−1

p� �
i
,

ξi+n = x̂k−1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n + ℏð ÞPk−1

p� �
i
,

8>>>><>>>>:
i = 1, 2,⋯, n, ð19Þ

ℏ = α2 n + κð Þ − n, ð20Þ

where α is a positive scaling factor which can be chosen as
0 < α ≤ 1. When the nonlinearity of the system is severe, α
is usually taken as a small positive value, such as 1 × 10−3.
κ is also a scaling parameter, and it is usually set as 3 − n.
ðAÞi represents the i-th column of the matrix A.

Then, the one-step prediction sigma-points are got by
ξi,kjk−1 = fðξi,k−1Þ, and the one-step prediction values x̂kjk−1
and Pkjk−1 are given by

x̂k k−1j = 〠
2n

i=0
Wm

i ξi,k k−1j , ð21Þ

Pk k−1j = 〠
2n

i=0
Wc

i ξi,k k−1j − x̂k k−1j
� �

ξi,k k−1j − x̂k k−1j
� �T

+Qk−1,

ð22Þ

where

Wm
i =

ℏ
n + ℏ

i = 0

1
2 n + ℏð Þ i ≠ 0

8>><>>:
Wc

i =

ℏ
n + ℏ

+ 1 + β − α2 i = 0

1
2 n + ℏð Þ i ≠ 0

8>><>>:
ð23Þ

where the parameter β is a nonnegative weight function used
to describe the prior information of the state. For Gaussian
distribution, it is usually chosen as β = 2. Wm

i and Wc
i are

weighting factors of mean and covariance respectively.
Measurement update step: similarly, use the one-step

prediction values x̂kjk−1 and Pkjk−1 to get the sigma points
δi,kjk−1ði = 0, 1,⋯,2nÞ, and then, propagate the sigma points
to χi,kjk−1 through the measurement function. Then, the out-
put prediction ẑkjk−1 and cross-covariance matrix Pxkzk

are
obtained:

χi,k k−1j = h δi,kjk−1
� �

, i = 0, 1,⋯, 2n, ð24Þ

ẑk k−1j = 〠
2n

i=0
Wm

i χi,k k−1j , ð25Þ

Pxkzk
= 〠

2n

i=0
Wc

i ξi,k k−1j − x̂k k−1j
� �

χi,k k−1j − ẑk k−1j
� �T

, ð26Þ

Pzk
= 〠

2n

i=0
Wc

i χi,k k−1j − ẑk k−1j
� �

χi,k k−1j − ẑk k−1j
� �T

+ Rk:

ð27Þ
When getting the measurement value zk, the posterior

state mean and covariance can be got by

x̂k = x̂k k−1j +Kk zk − ẑk k−1j
� �

,

Kk = Pxkzk
P−1
zk
,

Pk = Pk k−1j −KkPzk
KT
k :

8>>>><>>>>:
ð28Þ
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3. CEEUKF

In this section, the centered error entropy-based UKF
(CEEUKF) is derived by the CEE criterion. The CEEUKF
also has time and measurement update steps. For the non-
linear system (8) and (9), the time update of the CEEUKF
algorithm is the same as the classical UKF algorithm, and
it is calculated by equations (21) and (22). The new measure-
ment update step is designed based on the CEE criterion. It
includes two steps: the establishment of an augmented
model and the posterior state estimation.

3.1. Establishment of the Augmented Model. The approxi-
mate measurement function based on statistical linearization
[33] can be expressed as

zk = ẑk k−1j +Hk xk − x̂k k−1j
� �

+ rk, ð29Þ

where Hk can be calculated by

Hk = P−1
k k−1j Pxkzk

� �T
: ð30Þ

The one-step prediction error is

~xk k−1j = xk − x̂k k−1j : ð31Þ

As stated by (29) and (31), the regression model is estab-
lished as

x̂k k−1j

zk − ẑk k−1j +Hkx̂k k−1j

" #
=

I
Hk

" #
xk + δk, ð32Þ

where δk = ½~xkjk−1rk�T , with

Ωk = E δkδTk
h i

=
Pk k−1j 0

0 Rk

" #
=

Sp,k k−1j STp,k k−1j 0

0 Sr,kSTr,k

24 35
= SkSTk ,

ð33Þ

where Sp,kjk−1 = cholðPkjk−1Þ, Sr,k = cholðRkÞ, and Sk = chol
ðΩkÞ; “chol” represents the Cholesky decomposition oper-
ation. Multiply both sides of equation (33) by S−1k , and
the regression equation can be got by

dk =Wkxk + ek, ð34Þ

where

dk = S−1k
x̂k k−1j

zk − ẑk k−1j +Hkx̂k k−1j

" #
, ð35Þ

Wk = S−1k
I
Hk

" #
, ð36Þ

ek = S−1k δk: ð37Þ

The error ek is used in solving optimal states, and
ek ∈ℝL×1, L = n +m.

3.2. Posterior State Estimation by the CEE Criterion. Similar
to paper [40], the optimal state estimation can be got by
maximizing the CEE criterion:

x̂k = argmax
xk

JL xkð Þ

= argmax
xk

λ1 〠
L

i=1
Gσ1

ei,kð Þ + λ2 〠
L

i=1
〠
L

j=1
Gσ2

ei,k − ej,k
� � !

,

ð38Þ

where λ1 = λ/L and λ2 = ð1 − λÞ/L2.
Calculate the gradient of the CEE criterion and set it to

zero:

∂JL xkð Þ
∂xk

=
λ1
σ1

2 ⋅ 〠
L

i=1
Gσ1

ei,kð ÞwT
i,k di,k −wi,kxkð Þ� �

+
λ2
σ2

2 〠
L

i=1
〠
L

j=1
ei,k − ej,k
� �

Gσ2
ei,k − ej,k
� �

⋅ wi,k −w j,k
� �� �

=
λ1
σ1

2 ⋅ 〠
L

i=1
Gσ1

ei,kð ÞwT
i,k di,k −wi,kxkð Þ� �

+
2λ2
σ2

2

⋅ 〠
L

i=1
〠
L

j=1
ei,k ⋅Gσ2

ei,k − ej,k
� �

⋅wT
i,k − 〠

L

i=1
〠
L

j=1
ei,k

 

⋅Gσ2
ei,k − ej,k
� �

⋅wT
j,k

!
= 0:

ð39Þ

By setting λ1/σ1
2 = a and 2λ2/σ22 = b, the above equation

is rewritten as

∂JL xkð Þ
∂xk

= a ⋅WT
kCkek + b ⋅WT

k Ξk −Θkð Þek
=WT

k aCk + b Ξk −Θkð Þð Þek =WT
kMkek = 0,

ð40Þ
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where

Ck = diag Gσ1
e1,kð Þ,⋯,Gσ1

eL,kð Þ� �
,

Ξk = diag 〠
L

i=1
Gσ2

e1,k − ei,kð Þ,⋯, 〠
L

i=1
Gσ2

eL,k − ei,kð Þ
( )

,

Θkð Þij =Gσ2
ei,k − ej,k
� �

:

ð41Þ

Since Mk and xk are coupled, the fixed-point iteration
[30] is used to get the exact solution of equation (40):

x̂ tð Þ
k = f x̂ t−1ð Þ

k

� �
= WT

kM
t−1ð Þ
k Wk

� �−1
WT

kM
t−1ð Þ
k dk

� �
, ð42Þ

where t represents the t-th iteration and Mt−1
k is written as

M t−1ð Þ
k = aC t−1ð Þ

k + b Ξ t−1ð Þ
k −Θ t−1ð Þ

k

� �
= aC t−1ð Þ

k + bϒ t−1ð Þ
k

= a
C t−1ð Þ
x,k 0

0 C t−1ð Þ
y,k

264
375 + b

ϒ t−1ð Þ
x,k bϒ t−1ð Þ

yx,k

ϒ t−1ð Þ
xy,k bϒ t−1ð Þ

y,k

264
375

=
aC t−1ð Þ

x,k + bϒ t−1ð Þ
x,k bϒ t−1ð Þ

yx,k

bϒ t−1ð Þ
xy,k aC t−1ð Þ

y,k + bϒ t−1ð Þ
y,k

264
375

=
M t−1ð Þ

x,k M t−1ð Þ
yx,k

M t−1ð Þ
xy,k M t−1ð Þ

y,k

264
375,

ð43Þ

with

C t−1ð Þ
x,k = diag Gσ1

e t−1ð Þ
1,k

� �
,⋯,Gσ1

e t−1ð Þ
n,k

� �� �
, ð44Þ

C t−1ð Þ
y,k = diag Gσ1

e t−1ð Þ
n+1,k

� �
,⋯,Gσ1

e t−1ð Þ
n+m,k

� �� �
, ð45Þ

ϒ t−1ð Þ
x,k = ϒ t−1ð Þ

i,j;k

� �
n×n

= Ξ t−1ð Þ
i,j;k

� �
n×n

− Θ t−1ð Þ
i,j;k

� �
n×n

, i

= 1, 2,⋯, n, j = 1, 2,⋯, n,
ð46Þ

ϒ t−1ð Þ
xy,k = ϒ t−1ð Þ

i,j;k

� �
m×n

= Ξ t−1ð Þ
i,j;k

� �
m×n

− Θ t−1ð Þ
i,j;k

� �
m×n

, i

= n + 1,⋯, n +m ; j = 1, 2,⋯, n,
ð47Þ

ϒ t−1ð Þ
yx,k = ϒ t−1ð Þ

i,j;k

� �
n×m

= Ξ t−1ð Þ
i,j;k

� �
n×m

− Θ t−1ð Þ
i,j;k

� �
n×m

, i

= 1, 2,⋯, n, j = n + 1,⋯, n +m,
ð48Þ

ϒ t−1ð Þ
y,k = ϒ t−1ð Þ

i,j;k

� �
m×m

= Ξ t−1ð Þ
i, j;k

� �
m×m

− Θ t−1ð Þ
i, j;k

� �
m×m

, i

= n + 1,⋯, n +m, j = n + 1,⋯, n +m,
ð49Þ

e t−1ð Þ
i,k = di,k − wi,kx

t−1ð Þ
k : ð50Þ

Using equations (26), (27), and (38), equation (37) can
also be written as

x̂ tð Þ
k = A t−1ð Þ

1 +A t−1ð Þ
2 A t−1ð Þ

3

� �−1
A t−1ð Þ
1 x̂k k−1j +A t−1ð Þ

2 zk
� �

= A t−1ð Þ
1 +A t−1ð Þ

2 A t−1ð Þ
3

� �−1
A t−1ð Þ
1 x̂k k−1j

+ A t−1ð Þ
1 +A t−1ð Þ

2 A t−1ð Þ
3

� �−1
A t−1ð Þ
2 zk,

ð51Þ

where

A t−1ð Þ
1 = S−1p,k k−1j

� �T
aC t−1ð Þ

x,k + bϒ t−1ð Þ
x,k

� �
+HT S−1r,k

� �T
bϒ t−1ð Þ

xy,k

� �	 

S−1p,k k−1j ,

A t−1ð Þ
2 = S−1p,k k−1j

� �T
bϒ t−1ð Þ

yx,k

� �
+HT S−1r,k

� �T
aC t−1ð Þ

y,k + bϒ t−1ð Þ
y,k

� �	 

S−1r,k,

A3 =H:

ð52Þ

The recursive solution of state in equation (44) can be
got by the matrix inversion lemma:

x̂ tð Þ
k = x̂k k−1j + �K t‐1ð Þ

k zk − ẑk k−1j
� �

, ð53Þ

where

�K t−1ð Þ
k = �P t−1ð Þ

k k−1j +HT�P t−1ð Þ
xy,k k−1j + �P t−1ð Þ

yx,k k−1j +HT �R t−1ð Þ
k

� �
H

h i−1
⋅ �P t−1ð Þ

yx,k k−1j +HT �R t−1ð Þ
k

� �
,

�P t−1ð Þ
k k−1j = S−1p,k k−1j

� �T
M t−1ð Þ

x,k S−1p,k k−1j ,

�P t−1ð Þ
xy,k k−1j = S−1r,k

� �TM t−1ð Þ
xy,k S−1p,k k−1j ,

�P t−1ð Þ
yx,k k−1j = S−1p,k k−1j

� �T
M t−1ð Þ

yx,k S−1r,k,

�R t−1ð Þ
k = S−1r,k

� �TM t−1ð Þ
y,k S−1r,k,

M t−1ð Þ
k =

M t−1ð Þ
x,k M t−1ð Þ

yx,k

M t−1ð Þ
xy,k M t−1ð Þ

y,k

24 35:
ð54Þ

The posterior covariance is

P tð Þ
k = I − �K t−1ð Þ

k H
� �

Pk k−1j I − �K t−1ð Þ
k H

� �T
+ �K t−1ð Þ

k Rk
�K t−1ð Þ
k

� �T
:

ð55Þ

The CEEUKF algorithm is summarized in Algorithm 1.
Next, two theorems are given to show the properties of

the CEEUKF algorithm with special parameters.
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Theorem 1. When λ = 1, CEEUKF degenerates to MCUKF.
When λ = 0, CEEUKF degenerates to MEEUKF. This can be
easily got according to the characteristics of CEE.

Theorem 2. When λ = 1 and σ1 ⟶∞, CEEUKF becomes
the classical UKF.

Proof of Theorem 3. On the basis of Theorem 1, when λ = 1,
CEEUKF becomes MCUKF. So, if σ1 ⟶∞, then Mk ⟶ I
and the state is x̂k = ðWT

kWkÞ−1WT
k dk; this value equals to

the estimated value of classical UKF.

Remark 4. Three parameters λ, σ1, and σ2 affect the filtering
effect. By adjusting them, the proposed CEEUKF can have a
better effect on processing non-Gaussian noise. According to
our experience, when the parameter λ is set at [0.8, 1), the
CEEUKF algorithm will have better filtering results; λ = 0:9
is usually used; then, σ1 and σ2 can be tried by users in dif-
ferent applications.

Remark 5. The convergence analysis of the proposed
CEEUKF algorithm is similar to paper [40], and it will not
be shown here.

4. Simulation

4.1. Attitude Estimation System. Gyro and star sensor are
used for the spacecraft attitude estimation, and the orbital

frame is chosen as the reference frame. The quaternion is

defined by q = ½ρTq4�T , with ρ = ½q1 q2 q3�T . The quaternion
satisfies kqk = 1. In this section, the gyro model, attitude
determination system model, and measurement model are
introduced [14, 44]. In addition, the steps of attitude deter-
mination by using UKF are introduced briefly.

4.1.1. Gyro Model. The mathematical model of gyro is usu-
ally modeled as [45]

ωg = ωbi + b + ηg,
_b = ηb,

ð56Þ

where ωg is the measurement output of gyro, ωbi is the angu-
lar velocity of the satellite relative to the inertial space, b is
the constant drift of the gyro, ηg is the measurement noise
of gyro, and ηb is the gyro constant drift random noise. ηg
and ηb are uncorrelated white Gaussian noise.

E ηg tð ÞηTg τð Þ
� �

= σ2gI3×3δ t − τð Þ,

E ηb tð ÞηTb τð Þ� �
= σ2bI3×3δ t − τð Þ,

ð57Þ

where δðtÞ is the Dirac delta function.

Inputs: x̂0, P0, fz1, z2,⋯,zNg, Q, R
Initialization
1. k = 1; choose small ε, kernel sizes σ1, σ2 and weight λ; set initial value x̂0 and P0;
Time update
2. Use Eq. (21) and (22) to get x̂kjk−1 and Pkjk−1;
Measurement update
3. Calculate ẑkjk−1 and Pxkzk

by using Eq. (25) and Eq. (26); calculate Hk by using Eq. (30); Get Sk, Sp,kjk−1 and Sr,k from the Cholesky
decomposition of Ωk; Get dk and Wk by using Eq. (35) and Eq. (36);

Fixed point iteration

4. Initialization: t = 1, x̂ð0Þk = x̂kjk−1
5. eðt−1Þi,k = di,k −wi,kx

ðt−1Þ
k

Get Mðt−1Þ
x,k , Mðt−1Þ

yx,k , Mðt−1Þ
xy,k , and Mðt−1Þ

y,k from Eq. (43)

�Pðt−1Þ
kjk−1 = ðS−1p,kjk−1ÞTMðt−1Þ

x,k S−1p,kjk−1
�Pðt−1Þ
xy,kjk−1 = ðS−1r,kÞTMðt−1Þ

xy,k S−1p,kjk−1
�Pðt−1Þ
yx,kjk−1 = ðS−1p,kjk−1ÞTMðt−1Þ

yx,k S−1r,k
�Rðt−1Þ
k = ðS−1r,kÞTMðt−1Þ

y,k S−1r,k
�K ðt−1Þ
k = ½�Pðt−1Þ

kjk−1 +HT �Pðt−1Þ
xy,kjk−1 + ð�Pðt−1Þ

yx,kjk−1 +HT �Rðt−1Þ
k ÞH�−1 ⋅ ð�Pðt−1Þ

yx,kjk−1 +HT�R
ðt−1Þ
k Þ

x̂ðtÞk = x̂kjk−1 + �K ðt−1Þ
k ðzk − ẑkjk−1Þ

PðtÞ
k = ðI − �K ðt−1Þ

k HÞPkjk−1ðI − �K ðt−1Þ
k HÞT + �K ðt−1Þ

k Rkð�K ðt−1Þ
k ÞT

6. if kðx̂kÞt − ðx̂kÞt−1k/kðx̂kÞt−1k ≤ ε, set x̂k = x̂ðtÞk , Pk = PðtÞ
k and go to step 7. If not, let

t + 1⟶ t, and return to step 5;
7. k + 1⟶ k and return to step 2.
Outputs: x̂k, Pk

Algorithm 1: CEEUKF.
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4.1.2. System Model. In this paper, the combination of the
star sensor and gyro is used as the model of attitude determi-
nation, and the attitude quaternion and gyro constant drift
are selected as state vectors [12]. The system model for atti-
tude determination consists of an attitude kinematics equa-
tion and gyro model:

_qbo =
1
2
Ωd ωboð Þqbo,

_b = ηb,

8<: ð58Þ

where qbo represents the quaternion vector of the orbital
coordinate frame rotated to the satellite body frame. Ωd
ðωboÞ is the transfer matrix and is defined as

Ωd ωboð Þ =
‐ ωbo ×½ � ωbo

‐ωT
bo 0

" #
, ð59Þ

where ½ωbo ×� is the cross-product matrix, and it is
defined as

ωbo ×½ � =
0 ‐ω3 ω2

ω3 0 ‐ω1

‐ω2 ω1 0

2664
3775: ð60Þ

ωbo is the angular velocity vector of the satellite rela-
tive to the orbital frame, and it is calculated by

ωbo = ωbi −Aboωoi = ωg − b − ηg −Aboωoi, ð61Þ

where ωoi = ½0‐ω0 0� is the orbital angular velocity and
Abo is the conversion matrix from the orbit frame to
the satellite body frame [46] and is expressed as

Abo qboð Þ =
2 q24 + q21
� �

− 1 2 q1q2 + q4q3ð Þ 2 q3q1 − q4q2ð Þ
2 q1q2 − q4q3ð Þ 2 q24 + q22

� �
− 1 2 q2q3 + q4q1ð Þ

2 q3q1 + q4q2ð Þ 2 q2q3 − q4q1ð Þ 2 q24 + q23
� �

− 1

2664
3775:

ð62Þ

To facilitate the computer simulation, the discrete
model of the system equation is given as

qbo,k
bk

" #
=

Ωd ωbo,k−1ð Þqbo,k−1
bk−1 + ηb,k−1

" #
, ð63Þ

where qbo,k is the attitude quaternion at time k, bk is the
gyro constant drift at time k, the ωbo,k−1 is the angle
velocity at time k − 1,

Ωd ωk−1ð Þ =
cos

1
2

ωbo,k−1
�� ��Δt� 

I3×3 − ψk−1 ×½ � ψk−1

−ψT
k−1 cos

1
2

ωbo,k−1
�� ��Δt� 

26664
37775,

ψk−1 = sin
1/2 ωbo,k−1
�� ��Δt� �

ωbo,k−1

ωbo,k−1
�� �� ,

ωbo,k−1 = ωg,k−1 − bk−1 − ηg,k−1 −Aboωoi,k−1,

ð64Þ

and Δt is the sampling interval of the gyro.

4.1.3. Measurement Model. The attitude quaternion is
selected as the measurement output vector of the star sensor,
and the measurement equation of the star sensor is [45]

qs,k = qbo,k ⊗ qn,k, ð65Þ

where qs,k is the measurement output of the star sensor, qn,k
is the measurement noise quaternion, and ⊗ represents the
quaternion multiplication.

4.1.4. Unscented Filtering for Attitude Estimation. In this sec-
tion, the core steps of attitude determination by using the
UKF algorithm are given; the different robust UKF algo-
rithms have similar steps with UKF. When the quaternion
is directly used to determine the attitude, there will be a
problem of normalization of the weighted operation [47].
For this reason, modified Rodrigues parameters (MRPs)
are introduced, and the attitude determination process is
completed by switching between MRPs and quaternions
[14, 45]. The generalized Rodrigues parameters (GRPs) are
defined as follows:

u = f
ρ

a + q4
, ð66Þ

where a are f are scalars, u is the GRPs, ρ is the vector
part of the quaternion, and q4 is the scalar part of the
quaternion.

The quaternion can be represented by GRPs as follows:

q4 =
−a uk k2 + f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 + 1 − a2ð Þ uk k2

q
f 2 + uk k2

,

ρ = f −1 a + q4ð Þu:
ð67Þ

When a = 1 and f = 1, the GRPs are the MRPs.
In UKF attitude determination, the MRPs are chosen

as states and they are converted to quaternion for state
transfer. When calculating the mean and error covariance,
the quaternion is converted to MRPs, which avoids the
problem of quaternion weighted calculation and covari-
ance singularity.

The specific UKF attitude determination steps are given.
The form of state variables with MRPs as parameters is

xk = ½pTk bTk �
T
, where pk is the attitude with MRP form.

8 Space: Science & Technology



(a) Initialization

x̂0 = E x0ð Þ, P0 = E x0 − x̂0ð Þ x0 − x̂0ð ÞT
h i

: ð68Þ

(b) Time update

Use equations (19) and (20) to get sigma points ξi,k−1
ði = 0, 1,⋯,2nÞ; in the time update step, quaternion updat-
ing is involved. The sigma points are divided into MRP
part and gyro part:

ξi,k−1 =
ξpi,k−1
ξβi,k−1

24 35: ð69Þ

Convert MRP sigma points to quaternion sigma points:

ξqi,k−1 = ξρi,k−1
� �T ξq4i,k−1h iT

, ð70Þ

where

ξq4i,k−1 =
−a ξpi,k−1
�� ��2 + f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 + 1 − a2ð Þ ξpi,k−1

�� ��2q
f 2 + ξpi,k−1

�� ��2 ,

ξρi,k−1 = f −1 a + ξq4i,k−1
� �

ξpi,k−1,

ð71Þ

The one-step prediction value of quaternion can be got
by the first line of equation (63):

ξqi,k k−1j =Ωd bωk−1ð Þξqi,k−1, ð72Þ

where bωk−1 = ωg,k−1 − b̂k−1 and b̂k−1 is the estimation of gyro
drift at time k − 1.

Next, the quaternions are converted to MRPs:

ξpi,k k−1j = f
ξρi,k k−1j

a + ξq4i,k k−1j
: ð73Þ

The time update of gyro drift is

ξβi,k k−1j = ξβi,k−1: ð74Þ

So, the predicted state mean and variance are calculated
by equations (21) and (22).

(c) Measurement update

The sigma points δi,kjk−1ði = 0, 1,⋯,2nÞ in the measurement
step are generated by the predicted mean and covariance.

These sigma points are still divided into MRP part δpi,kjk−1
and non-MRP part δβi,kjk−1.

δi,k k−1j =
δpi,k k−1j

δβi,k k−1j

24 35: ð75Þ

Only the attitude quaternion is contained in the mea-
surement equation, and the MRP sigma points are converted
to the quaternion type:

δqi,k k−1j = δρi,k k−1j
� �T

δq4i,k k−1j

	 
T
, ð76Þ

where

δq4i,k k−1j =
−a δpi,k k−1j
��� ���2 + f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 + 1 − a2ð Þ δpi,k k−1j

��� ���2r
f 2 + δpi,k k−1j

��� ���2 ,

δρi,k k−1j = f −1 a + δq4i,k k−1j
� �

δpi,k k−1j :

ð77Þ

The predicted measurement sigma points χqi,kjk−1 are cal-
culated by

χqi,k k−1j = δqi,k−1: ð78Þ

Similarly, the χqi,kjk−1 are converted to the MRP type to

calculate the weighted mean.

χpi,k k−1j = f
χρi,k k−1j

a + χq4i,k k−1j
: ð79Þ

Next, the measurement one-step prediction state mean,
covariance, and cross-covariance are calculated by equations
(25), (26), and (27), respectively. The posterior state and
covariance update are given by equation (28).

4.2. Simulation Results. The parameters used in the simula-
tion system are given in Table 1.

For the above systems, classical UKF, MCUKF, and
MEEUKF and the proposed CEEUKF are used to perform
simulation. The fixed-point iteration accuracy ε is set as
0.000001. The gyro noise covariance is set as Q = diag ð½σ2g
I3×3σ2bI3×3�Þ. The star sensor noise is set as Gaussian and
non-Gaussian two cases to show the effectiveness of the
CEEUKF which we proposed.

The Monte Carlo (MC) mean error (ME) and averag-
ing mean absolute error (AMAE) are used to evaluate the
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filtering effect. The ME and AMAE are, respectively,
defined as

MEi =
1
lmc

〠
lmc

l=1
xli,k − x̂li,k

� �
,

AMAEi =
1
N

1
lmc

〠
N

k=1
〠
lmc

l=1
xli,k − x̂li,k

��� ���� �
,

ð80Þ

where xli,k and x̂li,k represent the i‐th actual and estimated
states at k time in l‐thMC run, respectively. The total number
of MC runs lmc is set as 100. N is the total filtering time.

4.2.1. Gaussian Noise. In the first case, the noise covariance
of star sensor noise is

R = σ2v ⋅ I3×3, ð81Þ

where σv = 8′′ is the noise standard deviation.
The parameters of UKF and robust criterion-based UKF

algorithms are given in Table 2.
The AMAEs of three attitude Euler angles in Gaussian

noise are shown in Table 3. In Gaussian noise, the classical
UKF algorithm based on the MMSE criterion should be
approximately optimal. We can see that the CEEUKF algo-
rithm which we proposed has similar filtering results with
the classical UKF algorithm with proper kernel bandwidths.
The MCUKF algorithm can also get similar results with
UKF. The MEEUKF algorithm has lower accuracy than
other algorithms.

The AMAEs of gyro drift in Gaussian noise are given in
Table 4. The filtering results are similar to those of Euler
angles. The filtering accuracy of CEEUKF and MCUKF is
close to that of the classical UKF method. The filtering accu-
racy of MEEUKF is poor due to its instability.

4.2.2. Non-Gaussian Noise. In this case, the star sensor noise
is set as non-Gaussian noise:

v ∼ 0:9N 03×1, σ2
v ⋅ I3×3

� �
+ 0:1N 03×1, σ2v +

ffiffiffiffiffi
10

p
rad/h

� �2� 
⋅ I3×3

� 
,

ð82Þ
where σv is the same as equation (81).

The results of the CEEUKF algorithm and its related
robust extension algorithms are given. The parameter setting
is given in Table 5.

The estimated errors of three attitude Euler angles for
the roll angle φ, the pitch angle θ, and the yaw angle ψ in dif-
ferent filtering algorithms are shown in Figures 1–3. As
shown in these three figures, the proposed CEEUKF
algorithm has the highest filtering accuracy and smoothest
filtering curve than the classical UKF and other robust algo-
rithms. Besides, the CEEUKF also has the fastest conver-
gence rate. The filtering results of traditional UKF have the
lowest filtering accuracy, and some large estimated errors
occur at different times. The MCUKF has better filtering
effect than the traditional UKF, but it is poor than the pro-
posed CEEUKF. During simulation, the MEEUKF algorithm

Table 1: Initial value setting.

Parameter name Parameter value

Initial attitude qbo 0ð Þ = 0, 0, 0, 1½ �T

Initial gyro drift b 0ð Þ = 30 30 30½ �T ∘ð Þ/h
Satellite angular velocity ωbo = 10−4 ⋅ cos 10ω0tð Þ cos 8ω0tð Þ cos 5:7ω0tð Þ½ �
Orbit angular velocity ω0 = 0:0012rad/s

Filter initial attitude q̂bo 0ð Þ = 0, 0, 0, 1½ �T

Filter initial gyro drift b̂ 0ð Þ = 31 31 31½ �T ∘ð Þ/h
Initial covariance P0 = diag I3×3 0:04I3×3ð Þ
Gyro noise standard deviation σb = 0:5 ∘ð Þ/h, σg = 0:5 ∘ð Þ/h

Table 2: Parameter setting of UKF and robust UKF.

Algorithms UKF MEEUKF MCUKF CEEUKF

Kernel bandwidths / 50 60
σ1 σ2 λ

60 80 0.9

Table 3: AMAEs of three Euler angles in Gaussian noise.

UKF MEEUKF MCUKF CEEUKF

Row (deg) 0.001772 0.370011 0.001746 0.001773

Pitch (deg) 0.001777 0.408841 0.001825 0.001731

Yaw (deg) 0.001725 0.574541 0.001785 0.001698

Table 4: AMAEs of gyro drift in Gaussian noise.

UKF MEEUKF MCUKF CEEUKF

bx (deg/h) 0.0067 0.1612 0.0072 0.0068

by (deg/h) 0.0070 0.2113 0.0069 0.0073

bz (deg/h) 0.0070 0.2685 0.0067 0.0067

Table 5: Parameter setting.

Algorithms UKF MEEUKF MCUKF CEEUKF

Kernel bandwidths / 3 4
σ1 σ2 λ

1 3 0.9
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is vulnerable to numerical instability, so its filtering effect
is also unstable quite often. What is more, different offsets
are generated in the three angles in MEEUKF. The results
illustrate the effectiveness of the proposed CEE-based
sigma-point Kalman filter algorithm in handling outlier
non-Gaussian noise.

Table 6 and Figure 4 show the AMAEs of three attitude
angles. Compared with the traditional UKF algorithm, the
estimation accuracy of three Euler angles in CEEUKF is
improved by 75%, 88%, and 92%, respectively. This is fur-
ther improved compared with the MCUKF and MEEUKF
algorithms. It is worth noting that the trend of AMAEs
under MEEUKF in three angles is inconsistent; this shows
the instability of the MEEUKF algorithm. The strong robust-
ness of the proposed algorithm is well proven.

Table 7 gives the AMAEs of gyro drift in non-Gaussian
measurement noise. It can be seen that the filtering results
are similar to those in Gaussian noise. It means that the star
sensor measurement does not affect the gyro drift. This is
because the star sensor measurement output is only related
to the attitude quaternion.
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Figure 3: Error of yaw.

Table 6: AMAEs of three Euler angles.

Algorithms UKF MEEUKF MCUKF CEEUKF

Row (deg) 14.8481 5.4379 5.4462 3.7566

Pitch (deg) 29.7697 40.7185 10.1560 3.5558

Yaw (deg) 45.4805 58.6263 9.5237 3.5799
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Figure 4: AMAEs of three Euler angles.

Table 7: AMAEs of gyro drift in non-Gaussian noise.

UKF MEEUKF MCUKF CEEUKF

bx (deg/h) 0.0070 0.1714 0.0071 0.0072

by (deg/h) 0.0071 0.3703 0.0071 0.0073

bz (deg/h) 0.0069 0.5213 0.0075 0.0072
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5. Conclusion

In this paper, the robust sigma-point Kalman filter based on
the centered error entropy criterion (CEESPKF) is proposed
to handle the nonlinear non-Gaussian state estimation prob-
lems. The CEE criterion contains richer error information
than MEE and MC, which draws on the advantages of both.
The proposed CEEUKF reconstructs the measurement
update step by using the CEE criterion, which enhances
the robustness of the filtering algorithm. Compared with
the existing algorithms, CEEUKF shows its excellent perfor-
mance under the proper choice of kernel bandwidths in the
simulation of the spacecraft attitude estimation system. In
future work, the model uncertainty of the spacecraft state
estimation system should also be considered; it is of great
significance to improve the filtering accuracy under outlier
interference and model uncertainty.
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