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The increasing frequency of human launches has led to a dramatic increase in the amount of space debris, especially near sun-
synchronous orbits. Most of the fragments are small in size, which may make tracking difficult. Therefore, characterizing the
distribution, evolution, and collision risk of small debris has long been a difficult issue. This paper is aimed at investigating the
orbital evolution and global dispersion behavior of debris clouds near sun-synchronous orbits. Firstly, the NASA breakup
model is used to provide an initial distribution of small fragments after collision events. Secondly, the continuity equation is
adopted to propagate the density variation analytically. Furthermore, we introduce some statistical quantities and the entropy
of debris clouds to model the randomness and band formation. A theorem concerning the equivalence of the band formation
and maximal entropy is presented. The accuracy of the band formation time estimation is also discussed. For noncatastrophic
collisions at an altitude of 800 km due to a projectile with a mass of 100 g and a collision velocity of 1 km/s, we compare the
analytical and numerical results of space debris density. The results show that the maximal peak error is within 0.17, and the
mean square error is about 0.25 at 400 days. Additionally, the entropy of right ascension of the ascending node is 8.5% less
than that for debris clouds near an orbit with the same altitude and an inclination of 30 deg. This indicates the concentrating
behavior for debris clouds near sun-synchronous orbits.

1. Introduction

Over the past few decades, space debris has been growing
rapidly due to the increasing launches and experiments.
According to the debris information updated by ESA in April
2022, there exist about 30920 debris objects regularly tracked
by Space Surveillance Networks. It is also estimated that there
exist 36500 space debris objects greater than 10cm, 1 million
debris objects from greater than 1cm to 10cm, and 130 million
debris objects from greater than 1mm to 1cm. Some typical
events have greatly contributed to the population of debris in
the low Earth orbit (LEO) region. For example, the Cosmos-
2251 satellite collided with Iridium 33 satellite in 2009. This is
the first hypervelocity collision of two intact satellites at an
altitude of 790km. In recent years, India conducted an antisat-
ellite experiment on March 27, 2019. Most recently, a Russian
antisatellite test was finished on Nov 15, 2021, and the
Cosmos-1408 satellite broke up. These events have greatly
increased the number of debris and the collision probability
for spacecraft in LEO region. In particular, the debris density
in sun-synchronous orbit (SSO) region is the highest [1]. More-

over, most of the fragments have characteristic lengths less than
10cm. This brings tremendous difficulties in tracking and
cataloguing of objects. For this reason, investigating the evolu-
tion of debris clouds and probabilistic orbital collision hazards
near SSO is a fascinating topic.

Many studies about the evolution of space debris clouds
have been conducted. Barrows et al. [2] reviewed various
methods applicable to the modeling of the dispersion pro-
cess. For a single fragment, the orbital evolution can be ana-
lyzed in a standard way, such as the SGP4 method and
numerical method. Semianalytical theory has also been used
for orbit prediction and life time estimation of space debris
[3]. However, a breakup event can generate thousands of
fragments smaller than 10 cm. It is difficult to monitor these
smaller fragments. Additionally, predicting the long-term
evolution of debris clouds fragment by fragment is really
expensive in computation time. A phased approach was
applied to analyze the dispersion of debris clouds by
McKnight [4] and Jehn [5]. Based on the geometrical shapes
of debris clouds, they divided the dispersion process into
three typical phases: ellipsoid, toroid, and band. The first
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phase occurs when the fragments orbit several rounds, and
the second phase occurs if the mean anomalyM is randomly
distributed in the interval ½0, 2π�. The third phase corre-
sponds to the random distributions of the right ascension
of the ascending node (RAAN) Ω, argument of perigee ω,
and mean anomaly M. Letizia et al. [6, 7] adopted the
continuity equation of hydrodynamics to characterize the
variations of the debris density and the collision probability.
Their approach not only modelled the orbital evolution of
small fragments but also reduced the computational time
efficiently. A multiple dimensional extension for the evolu-
tion of debris clouds was also created by these researchers
[8]. Later, Letizia [9] considered the effects of solar radiation
pressure and atmospheric drag on orbital evolution. Frey
et al. [10] analyzed the evolution of debris clouds near highly
eccentric Earth orbits (HEO). Wittig et al. [11] investigated
the long-term density evolution of debris clouds based on
semianalytical and differential algebra techniques. The body
of these work in [6–11] made an extensive contribution to
the research on orbital evolution of debris clouds. Recently,
a complete description of the satellite breakup events based
on the probabilistic analysis method was provided by Frey
and Colombo [12]. The reachable domain theory was
applied to model early medium-term evolution and collision
probability of debris clouds by Wen and Gurfil [13] and
Wen and Qiao [14].

For collisions near SSO, Jiang et al. [15] analyzed the
motion of debris under the perturbations including the
nonspherical perturbation of the Earth, the third body per-
turbation, and the atmospheric drag perturbation. They
applied the material point method to describe the impact
process of a debris object and spacecraft. Efimov et al. [16]
investigated the attitude evolution of space debris in SSO
combining perturbation methods and a numerical approach.
It was shown that the orbital precession and influence of
orbital motion on induced eddy currents might make a sig-
nificant impact on the attitude evolution. The flyby problem
for large debris in SSO was discussed by Baranov et al. [17].
Olympio and Frouvelle [18] studied the mission design of a
generic active debris removal spacecraft in SSO region based
on low-thrust optimization. Zhao et al. [19] proposed a
target sequence optimization strategy to remove dozens of
debris from thousands of debris running on SSO.

In this work, we use the continuity equation to charac-
terize the orbital evolution of debris clouds near SSO analyt-
ically. The J2 harmonic term and atmospheric drag are
considered the main perturbations for the evolution of space
debris. The applicability of this method in many cases has
been discussed in previous profound work in [6–9]. The
validation of this approach for debris clouds near SSO is
performed here. The main contribution of the current paper
can be summarized into the following two aspects. (1) The
equivalence between the band formation and maximal
entropy is shown. (2) The accuracy of the previous band
formation time estimation is analyzed for debris clouds near
SSO. For debris clouds caused by noncatastrophic collisions
near SSO, the entropy of the RAAN varies slowly, and the
band formation is also much slower compared with those
near lower inclination orbits. In order to characterize the

global randomness of debris clouds, we use entropy and
some other statistical quantities. Although entropy is an
old concept that has been extensively used in many subjects,
its application in modeling debris clouds is rare, as far as we
can see. An estimate involving entropy and the mean square
error is also presented. To estimate the band formation time,
previous analytical estimations usually assume that the uni-
form distribution of apsidal and nodal lines is achieved when
the fastest drift fragment reaches the slowest one. Concern-
ing the evolution of debris clouds near SSO, we show that
the previous estimation may not be applicable for this case.
Significant concentrating behavior for the RAAN reflects
the key influence of the SSO precession property.

This paper is organized as follows. Section 2 provides a
brief introduction of the breakup model and orbital distribu-
tion characteristics of fragments after a noncatastrophic
collision. Section 3 introduces some basic statistical quanti-
ties and entropy. The analytical propagation method is also
briefly reviewed. Band formation is emphasized in this sec-
tion. In each section, the numerical examples are presented
to illustrate the related theory and methods.

2. Modeling the Breakup Event and the
Characteristics of Space Debris

The initial condition of the analytical propagation for the
debris clouds can be described with the breakup model. More
precisely, the distributions of the physical properties (such as
the characteristic length, area to mass ratio, ejection velocity)
of the space debris are provided by the breakup model.
Furthermore, the orbital information (state vectors or orbital
elements) can be obtained using the variation of the velocity
due to the collision event for the parent orbit. Although there
are many different breakup models describing the impact
and fragmentations such as SDM [20] and DAMAGE [21],
the NASA breakup model [22] is still most extensively used.
This model characterizes the fragmentation of spacecraft and
rocket bodies after explosions and collisions. In the following
discussion, we concentrate on the description of collisions.

2.1. Revisiting the NASA Breakup Model. In 1998, the NASA
breakup model was built by analyzing historical collision
events and impact tests. It proposed a framework to estimate
the characteristic length, area-to-mass ratio, and ejection
velocity of fragments. The area-to-mass ratio of a fragment
is usually closely related to its life period due to the atmo-
spheric drag. In this study, only fragments with sizes between
1mm and 8 cm are matters of concern. Collisions with these
fragments may disable an operational satellite and cause the
explosion of an abandoned satellite or rocket body.

It is widely accepted that collision events can be divided
into two types: catastrophic and noncatastrophic collisions.
For catastrophic collisions, both the larger spacecraft and
smaller projectiles are completely fragmented. Noncatas-
trophic collisions usually lead to the fragmentation of smaller
projectiles and cratering of the larger spacecraft. According to
the NASA breakup model, the threshold of catastrophic colli-
sions is determined by the impact energy-to-mass ratio. The
critical impact energy per target mass is usually considered
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to be 40 J/g. According to the reference [23], most of the
recorded collision events are noncatastrophic. Our main focus
is on noncatastrophic collisions.

The energy-to-mass ratio δ is defined as

δ =
mpv

2
c

2mt
: ð1Þ

The number of space debris objects Nf with characteris-
tic lengths l larger than lc obeys the power law, i.e.,

Nf l ≥ lcð Þ = 0:1m̂lc
−1:71, ð2Þ

where the units of lc are m and m̂ is the reference projectile
mass with units of kg. An updated expression of m̂ by Krisko
[24] is

m̂ =
mpvc

2 δ < 40J/g,
mp +mt δ > 40J/g:

(
ð3Þ

Once the characteristic length lc is given, the area-to-
mass ratio A/m obeys a log-normal distribution. Specifically,
lg ðA/mÞ satisfies a normal distribution with expectation and
covariance as

μA/m =

−0:3 λ≤−1:75,

−0:3 − 1:4 λ + 1:75ð Þ −1:75 < λ<−1:25

−1:0 λ≥−1:25,

8>>><>>>: , σA/m

=
0:2 λ≤−3:5,

0:2 + 0:1333 λ + 3:5ð Þ λ>−3:5,

(
ð4Þ

where λ = lg ðlcÞ. Similarly, the ejection velocity magnitude
obeys a log-normal distribution with

μv = 0:9 lg A
m

� �
+ 2:9, σv = 0:4: ð5Þ

As explained before, impacts by small fragments can lead
to explosions of spacecraft. The ejection velocity of frag-
ments due to explosions also obeys a log-normal distribution
with

μv = 0:2 lg A
m

� �
+ 1:85, σv = 0:4: ð6Þ

Here, we adopt expression (6) as in references [6, 8].
Moreover, the directions of velocity are assumed to be
isotropically distributed in the spatial space. To avoid the
generation of too high ejection velocities, an upper bound
1:3vc is usually set [6, 25]. For breakup events caused by
explosions, a detailed description of the parameters can be
seen in reference [22].

2.2. The Distribution of Orbital Elements after Fragmentation
near SSO. Sun-synchronous orbits are usually nearly circular
low Earth orbits, with altitudes lower than 1500 km. Due to
the nonspherical effects of the Earth, the RAAN (Ω) and
argument of perigee (ω) of an orbit are not fixed, but always
change slowly. When only the J2 effect is considered, the
average variation rate can be expressed as [26]:

Ω
·
= −

3
2 J2

ffiffiffiffiffiffiffi
μ

Re
3

r
Re

a

� �7/2 cos i
1 − e2ð Þ2

, ð7Þ

ω
· = 3

2 J2
ffiffiffiffiffiffiffi
μ

Re
3

r
Re

a

� �7/2 2 − 5 sin2i/2
� �

1 − e2ð Þ2
: ð8Þ

SSO are characterized by the same precession rate of the
orbital plane as the Earth’s revolution around the sun, i.e.,

Ω
·
= ns: ð9Þ

In this work, we always assume that the parent orbit is
sun-synchronous. The breakup event can be considered as
an impulse Δv at a fixed position on the parent orbit. Since
only noncatastrophic collisions are concerned here, it is
assumed that the magnitude of the impulse velocity is much
lower than that of the parent spacecraft. Based on the Gauss
planetary equation, the effect of Δv on the variation of the
orbital elements Δα = ½Δa, Δe, Δi, ΔΩ, Δω, ΔM� can be
expressed as [26]:

Δa = 2a2v
μ

Δvt ,

Δe = 2 e + cos fð ÞΔvt
v

−
r
av

sin fΔvn,

Δi = rcosθ
h

Δvh,

ΔΩ = r sin θ

h sin i
Δvh,

Δω = 2 sin f
ev

Δvt +
2
v
+ r cos f

aev

� �
Δvn −

r sin θ cos i
h sin i

Δvh,

ΔM = −
b
aev

2 1 + e2r
p

sin fΔvt +
r
a
cos fΔvn

� �� �
,

8>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>:
ð10Þ

where Δv = ½Δvt , Δvn, Δvh� is expressed in the satellite frame
T = ft, n, hg, θ = ω + f , and p = að1 − e2Þ. This frame is
centered at the moving body with the t axis aligned with the
velocity direction. The h axis is aligned with the normal direc-
tion of the orbital plane, while the n axis is determined by the
right hand law. From Equations (7) and (8), one can imagine
that the impulse not only leads to direct variations of the orbit
elements but also makes effects on the different drift rates of
the angle variables.

2.3. Results. We consider a noncatastrophic collision between
a projectile and a satellite with a relative collision velocity of
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1km/s. The mass of the projectile is 100 g and the parent
orbital elements of SSO can be seen in Table 1.

The NASA breakup model is applied at three different
altitudes to investigate the initial distribution of the debris
clouds. Due to the same mass of the projectile and collision
velocity, there exist little difference in the physical character-
istics of the fragments generated in these cases. As stated in
reference [6], the total number of fragments with lengths
lying between 1mm and 8 cm is 2397. Figure 1 yields the dis-
tribution of the area-to-mass ratio and the characteristic
length. It shows that about 70% of the fragments have
lengths of less than 2mm (this corresponds to lg 0:2 = −
0:699 in Figure 1). About 81% of fragments own area-to-
mass-ratios larger than 0.032m2/kg (this corresponds to lg
0:032 = −1:495 in Figure 1).

Figure 2 shows the initial distribution of the orbital ele-
ments ða, e, iÞ as well as the perigee and apogee heights ðhp,
haÞ. From Figures 2(a), 2(c), and 2(e), it is known that ða, eÞ
presents a v-shaped distribution with a vertex corresponding
to the altitude of the parent orbit. This can be explained by
Equation (10). Because the true anomaly f of each parent orbit
is set to be zero in Table 1, Equation (10) illustrates the fact that
Δe/Δa ≈ μe0/ða02v02Þ, where the subscript zero corresponds to
the parent orbit. Thus, Δe/Δa is approximately a constant, and
the slope can be smaller for a higher orbit. It should be noted
that ðhp, haÞ takes on a right-angle-like shape. Moreover, some
apogee heights may even be negative due to relatively large
eccentricities. The corresponding debris may soon reenter the
atmosphere and burn up entirely. From Figures 2(b), 2(d),
and 2(f), we can conclude that for 95% of fragments generated
above, inclinations lie within ±1 degree with respect to the
inclination of the parent orbit.

For debris clouds near SSO, the precession rate of the
RAAN is an important quantity. Figure 3 illustrates that the
precession rates of most fragments are concentrated around
0.984deg/day. This almost equals ns = 360/365 = 0:986deg/
day. Due to the collision event, debris may lie in either quasi-
sun-synchronous orbits or non-sun-synchronous orbits. After
a simple analysis, we find that RAAN precession rates of more
than 60% of the fragments fall within a 5% error with respect to
the parent orbits in these cases.

3. Analytical Propagation of Debris Clouds

Before reviewing the analytical method, the density of the
debris clouds and some important statistical quantities must
be provided.

3.1. Initial Density Distribution and Statistical Properties of
Debris Clouds.As discussed in previous section, the distribution
of state vectors or orbital elements can be obtained. Therefore, it
is necessary to carry out a transform from the set of orbits into
density in a continuous form. Thanks to the work of Kessler
[27], Izzo [28, 29], and Frey and Colombo [12], the density
function can be expressed in terms of either the Cartesian coor-
dinates or the orbital elements, which are equivalent in some
sense. To be precise, one can perform a change of variables to
transform from one form to the other. The details can be seen

in reference [12]. In this work, we mainly use the density
function expressed in terms of the orbital elements.

Based on the above simulations, it can be observed that
the eccentricities and inclinations of the fragments are con-
centrated around those of parent orbits with proper assump-
tions. The perturbation effects on the eccentricities and
inclinations of nearly circular low orbits are relatively small.
To simplify considerations, we write the density as a func-
tion of the orbital elements a,Ω, ω and the time t. Similar
to the work in reference [8], we divide the variation interval
of the semimajor axis, RAAN, and argument of perigee into
100 equivalent bins. The initial density nða,Ω, ω, 0Þ at a spe-
cific element is approximately equal to the average density of
the corresponding subinterval. The analytical method in
Subsection 3.3 will present the routine to calculate nða,Ω,
ω, tÞ efficiently. Thus, the density with a single element can
be written as:

n a, tð Þ =
ð2π
0

ð2π
0
n a,Ω, ω, tð ÞdΩdω, ð11Þ

n Ω, tð Þ =
ðamax

amin

ð2π
0
n a,Ω, ω, tð Þdadω, ð12Þ

n ω, tð Þ =
ðamax

amin

ð2π
0
n a,Ω, ω, tð ÞdadΩ, ð13Þ

where amin and amax correspond to the minimum and the
maximum of the semimajor axis of the fragments,
respectively.

Based on the density expressed in a single element, one can
define the k-order moment of the debris clouds, as expressed
in the probability theory. For example, the k-order moment
of the semimajor axis can be formulated as:

Ek
a tð Þ =

Ð amax
amin

akn a, tð ÞdaÐ amax
amin

n a, tð Þda , k = 0, 1, 2,⋯: ð14Þ

Specifically, for the semimajor axis, we also extend this
definition (14) to k = −1 for its specific physical meaning.
We denote EðtÞ = E−1

a ðtÞ, AðtÞ = E1
aðtÞ. Because the Kepler

energy for a massless particle in an elliptical orbit with the
semimajor axis a is proportional to 1/a, one may find that E
ðtÞ can represent the average energy for the whole debris cloud
if the effect of the mass distribution is neglected. Another use-
ful quantity is the mean value, which corresponds to the 1-
order moment. The quantity AðtÞ can be described as the
mean radial distance in a statistical sense. With the basic

Table 1: Parent orbital elements at three typical altitudes (the
RAAN, argument of perigee, and mean anomaly are set to be zero).

Altitude/km Semimajor axis/km Eccentricity Inclination/deg

500 6878.136 0.001 97.401

800 7178.136 0.001 98.603

1200 7578.136 0.001 100.419
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Cauchy inequality, we can obtain an estimate as follows:

ðamax

amin

an a, tð Þda
ðamax

amin

n a, tð Þ
ada

≥
ðamax

amin

n a, tð Þda
" #2

: ð15Þ

The equality is achieved if and only if a is concentrated at a
constant. This means that the semimajor axes of all fragments
are equal. Therefore, the following proposition can be
obtained:

Proposition 1. The inequality always holds: AðtÞEðtÞ ≥ 1.
The equality can only be reached when the semimajor axes
of all fragments are equal.

Proposition 1 illustrates the fact that the product of the
average scaled energy and semimajor axis has a lower bound
1. Furthermore, the lower bound can be reached if and only
if the semimajor axes are equal. It is true that concentrating
on a specific value for the semimajor axis of debris clouds is
an ideal case. This may only rarely occur. However, the dif-
ference between AðtÞEðtÞ and 1 can reflect the concentrating

behavior in some sense. If we want to quantify the distribu-
tion of an element at a specific value, the 2-order moment is
also very convenient for describing to what extent the vari-
able is concentrated. It is closely related to the covariance.

3.2. Entropy and Band Formation of Debris Clouds. In this
subsection, we introduce the definition of entropy to provide
a measure of the randomness and disorder of the whole
debris cloud. It is a concept originating from thermodynam-
ics and is now widely used in fields such as statistical
mechanics and communication theory. To simplify our
notations, we only define the RAAN entropy of the whole
debris cloud SΩðtÞ as an example. The probability density
function pðΩ, tÞ can be written as a normalization of the
number density nðΩ, tÞ, i.e.,

p Ω, tð Þ = n Ω, tð ÞÐ 2π
0 n Ω, tð ÞdΩ

: ð16Þ

Then, the RAAN entropy SΩðtÞ is defined as:

During the evolution of debris clouds, we may expect
that the RAAN entropy SΩðtÞ is relatively small in a short
time since the RAAN is concentrated around that of the par-
ent orbit. As time goes on, the RAAN entropy SΩðtÞ will

become larger. An ideal case occurs when the RAAN is uni-
formly distributed in the interval ½0, 2π�. When the RAAN,
argument of perigee, and mean anomaly are all uniformly
distributed, the band of debris cloud is considered to be
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Figure 1: Distribution of the area to mass ratio A/m and characteristic length L.

SΩ tð Þ = −
ð2π
0
p Ω, tð Þ log p Ω, tð Þ½ �dΩ = −

Ð 2π
0 n Ω, tð Þ log n Ω, tð Þ½ �dΩ −

Ð 2π
0 n Ω, tð ÞdΩ log

Ð 2π
0 n Ω, tð ÞdΩ

h i
Ð 2π
0 n Ω, tð ÞdΩ

: ð17Þ
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(a) The altitude of the parent orbit is 500 km (b) The altitude of the parent orbit is 500 km

(c) The altitude of the parent orbit is 800 km (d) The altitude of the parent orbit is 800 km

(e) The altitude of the parent orbit is 1200 km (f) The altitude of the parent orbit is 1200 km

Figure 2: Initial orbital elements of space debris after noncatastrophic collisions: (a, c, e) distribution of the perigee-apogee heights and
altitude-eccentricity; (b, d, f) distribution of the inclinations.
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formed. Based on the probability theory, we provide some
novel results about the inner relationship between the
entropy and randomness of a debris cloud.

Theorem 2.

(1) The band of a debris cloud is formed if and only if
both the RAAN, argument of perigee, and mean
anomaly entropy have achieved their maximum log
ð2πÞ.

(2) The entropy can be bounded by the mean square error
with respect to the uniform distribution from below.
In fact, the following inequality holds

SΩ tð Þ ≥ log 2πð Þ − 2d2Ω tð Þ − 2dΩ tð Þ, ð18Þ

where the function dΩðtÞ is expressed as

dΩ tð Þ = 2π
ð2π
0

p Ω, tð Þ − 1
2π

				 				2dΩ
" #1/2

: ð19Þ

Proof.

(1) By the definition of the band formation, we only
need to show that for an orbital element RAAN or
argument of perigee, the uniform distribution is
equivalent to the maximal corresponding entropy.
That is, the entropy SΩðtÞ achieves its maximum at
exactly time t when pðΩ, tÞ = 1/2π for Ω ∈ ½0, 2π�, t
∈ ½0,∞Þ. Note that ΦðtÞ = −t log t satisfies Φ′′ðtÞ =
−ð1/tÞ < 0, which implies that it is concave. By Jen-

sen’s inequality, the following inequality can be
concluded:

1
2π

ð2π
0
Φ p Ω, tð Þ½ �dΩ ≤Φ

1
2π

ð2π
0
p Ω, tð ÞdΩ

� �
=Φ

1
2π

� �
= log 2πð Þ

2π :

ð20Þ

Thus, it directly follows that

SΩ tð Þ =
ð2π
0
Φ p Ω, tð Þ½ �dΩ ≤ log 2πð Þ, ð21Þ

where the equality is achieved if and only if pðΩ, tÞ is a con-
stant with respect to the RAAN. Because it is a probability
density on ½0, 2π�, it can only be equal to 1/2π. This means
that the RAAN is uniformly distributed.

(2) Denoting f ðΩ, tÞ = 2πpðΩ, tÞ, the measure dm = ð1/
2πÞdΩ. Thus, we can see that dΩðtÞ =
½Ð 2π0 j f ðΩ, tÞ − 1j5dmΩ�

1/2
. The inequality (18) is

equivalent to the following inequality:

ð2π
0

f Ω, tð Þ − 1j j2dmΩ

� �1/2
+
ð2π
0

f Ω, tð Þ − 1j j2dmΩ ≥
1
2

ð2π
0
f Ω, tð Þ log f Ω, tð ÞdmΩ,

ð22Þ

with ð2π
0
f Ω, tð ÞdmΩ = 1,

ð2π
0
dmΩ = 1: ð23Þ

The inequality (22) can be found on page 93 of reference
[30]. The whole proof is included in the appendix.

It is noteworthy that the function dΩðtÞ is simply the
scaled mean square error between the distribution of RAAN
and the uniform distribution. Furthermore, dΩðtÞ can be
written in a cleaner form:

d2Ω tð Þ = 2π
ð2π
0
p2 Ω, tð ÞdΩ −

1
2π

� �
: ð24Þ

This theorem provides the entropy with bounds from
both sides, i.e.,

log 2πð Þ − 2d2Ω tð Þ − 2dΩ tð Þ ≤ SΩ tð Þ ≤ log 2πð Þ: ð25Þ

Both the distance dΩðtÞ and the entropy SΩðtÞ can mea-
sure the difference in the distribution relative to the uniform
distribution. These terms are related by this concise estimate.
Of course, the above conclusions also hold for the argument
of perigee. Although all of the above discussions are in a
continuous form, the discrete form may be presented by
writing the integration into a Riemann sum. We present
related results in the remark below.
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Figure 3: Distribution of the RAAN precession rate of debris
clouds at three altitudes.
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Remark 3. For discrete variable space fx1, x2,⋯,xNg, the cor-
responding probability is denoted as piði = 1, 2,⋯,NÞ, and
the entropy is denoted as S = −∑N

i=1pi log pi, d =
½∑N

i=1jpi − ð1/NÞj2�1/2. Then, the following inequality holds

log N −Nd2 −
ffiffiffiffi
N

p
d ≤ S ≤ log N , ð26Þ

where either equality is achieved if and only if the variables
are uniformly distributed.

Finally, we comment on the estimate of the band forma-
tion time. The band formation not only implies the geomet-
rical shape transition of debris clouds but also a distribution
variation from high correlation to randomness. Due to the
fast dispersion rate of the mean anomaly, only the distribu-
tions of the RAAN and the argument of perigee are
examined. The conventional method uses the Kolmogrov-
Smirnov test to compare distributions with the uniform
distribution [31]. Ashenberg [32] raised an analytical
estimate of the band formation time T , as shown in formula
(27) based on Equation (10). To derive this, the author
assumes that the band formation is achieved once the fastest
drift fragment reaches the slowest.

According to formula (27), the band formation time for
nearly circular SSO can be calculated. The results are pre-
sented in Figure 4. In particular, it is known that the band
formation time for the collision event with parent orbits in
Table 1 is 145 days, 154 days, and 162 days. In the following
sections, we discuss the accuracy of this estimate.

3.3. Analytical Propagation through the Continuity Equation.
When the characteristic lengths of the space debris are rela-
tively small, the continuity equation in fluid dynamics can be
applied to provide an analytical propagation. As is shown in
reference [8], during the first two phases, the nonspherical
effects of the Earth play a dominant role. We consider the
effect of both the oblateness of the Earth and atmospheric
drag before the band formation. Once the band is formed,

the angle variables of the debris clouds are randomly distrib-
uted, and the effect of the J2 term can thus be neglected.
Therefore, only the drag effect is considered after the band for-
mation. One can expect that the atmospheric drag may make
the band of debris clouds become “thinner” and lower.

To describe the evolution of debris clouds, either the state
vectors or orbital elements can be used as parameters. Their sta-
tistical behavior can be obtained by solving the continuity equa-
tion and a density transformation. In this subsection, we briefly
introduce the method. The detailed theory can be seen in refer-
ences [6, 8]. If ðγ1,⋯,γkÞ are the parameters and nðγ1,⋯,γk, tÞ
is the time-varying density function, the continuity equation
can be written as the following first-order partial differential
equation (PDE) [6, 8]:

Rk

Initial density n0

n0 (𝛾1, ... ,𝛾k)

(𝛾1, ... ,𝛾k)

n (𝛾1, ... ,𝛾k,t)

(𝛾1, ... ,𝛾k)

Characteristic line

n

Figure 5: Illustration of the characteristic line method during
solving the continuity equation, where Rk is the parameter space.
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Figure 4: Analytical estimate of band formation time for SSO
according to Ashenberg [32] (the eccentricity here is set to 0.001).

T = π

3ΔvJ2R2
E/a3

× max 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49 cos2i + sin2i cos2u

p , 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49 2 − 2:5 sin2ið Þ2 + 25 sin22i cos2u/4

q
8><>:

9>=>;: ð27Þ
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∂n
∂t

+ div nvγ
� �

= 0, ð28Þ

where vγ = ½vγ1 ,⋯,vγk �
T ∈ Rkis a vector value function, div

is the divergence operator for the vector value function,
and vγi represents the variation rates of γi ði = 1,⋯,kÞ.

It should be noted that for the divergence structure in
Equation (28), the Stokes theorem [33] can be used to obtain
some conclusions. Denoting I as the integral domain in the

Figure 6: Dispersion process of the debris cloud with respect to the parent orbital plane.
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parameter space and S as the surface enclosing the domain, it
can be observed that

where dσ is the infinitesimal area element of the surface and
κ is the outer normal of the surface. The right hand side of
Equation (29) is the flux of fragments across the surface S.
Therefore, we conclude the following proposition:

Proposition 4. The variation rates of the total fragment
number in a fixed domain of parameter space equals the flux
across the surface S.

Following the above argument, the total number of frag-
ments is conserved theoretically during the evolution process
due to zero right hand side of Equation (28). However, the
fragments are usually considered to reenter the atmosphere
and be burned when the altitude is less than 50km. Therefore,
the total number of fragments usually decreases during long-
term evolution. These are some of the qualitative properties
during the evolution of debris clouds.
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Figure 7: Evolution of the debris density with respect to the semimajor axis (red curve: numerical method; blue curve: analytical method).

d
dt

ð ð ð
I
n γ1,⋯,γk, tð Þdγ1 ⋯ dγk = −

ð ð ð
I
div nvγ

� �
dγ1 ⋯ dγk = −∬

S
nvγ · κdσ, ð29Þ
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In order to solve the PDE (28), the characteristic line
method is usually applied [34]. Along the characteristic line,
the PDE can usually be reduced to ordinary differential
equations (ODE). Figure 5 illustrates that at time t, the
parameter ðγ1,⋯,γkÞ can be connected to ðbγ1,⋯,bγkÞ at the
initial time through the line. The density at time t can also
be related to the initial density hypersurface.

By the characteristic line method, the solution can be
obtained in a closed form [8]:

n γ1,⋯,γk, tð Þ = n0 bγ1,⋯,bγkð Þ
Yk
i=1

vγi bγ1,⋯,bγkð Þ
vγi γ1,⋯,γkð Þ , ð30Þ

where n0 is the initial density and bγ1,⋯, bγk are determined
by the characteristic line equation:

dγi
dt

= vγi γ1,⋯,γkð Þ, i = 1,⋯,kð Þ: ð31Þ

Therefore, the solving of Equation (31) plays a key role
in deriving a fully analytical expression.

As in the previous explanation, we take k = 3, and the
three parameters are the semimajor axis a, RAAN Ω, and
argument of perigee ω. Based on Equations (30) and (31),
the density can be formulated as [8]

n a,Ω, ω, tð Þ = n0 â, bΩ , bω
 � va âð ÞvΩ âð Þvω âð Þ
va að ÞvΩ að Þvω að Þ , ð32Þ

where va = ρ0 exp ½ða −H0Þ/H�, vΩ = λ cos i/a7/2, vω = λð2
− 2:5 sin2iÞ/a7/2, and λ = 3/2 ffiffiffi

μ
p

J2Re
2. The expressions of â

, bΩ , bω are obtained by solving the characteristic equation
after some simplified approximations [8], i.e.,

â =H0 +H ln exp a −H0
H

� �
+ ε

ffiffiffiffiffiffi
H0

p
H

t
� �

,

bΩ =Ω −
λ

ε
cos i Γ að Þ − Γ âð Þð Þ,

bω = ω + λ

ε
2 − 2:5 sin2i
� �

Γ að Þ − Γ âð Þð Þ,

8>>>>>>><>>>>>>>:
ð33Þ

with ε = ffiffiffi
μ

p
CdðA/mÞρ0, Cd is set as 2.2 [35], and the
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Figure 8: Evolution of the debris density in the RAAN (red curve: numerical method; blue curve: analytical method).
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function Γ is defined by

Γ að Þ = 1
6H3 exp −

H0
H

� �
EI a

H


 �
− exp a −H0

H

� � 1
3a3 + 1

6Ha2
+ 1
6H2a

� �
,

ð34Þ

EI tð Þ =
ðt
−∞

exp x
x

dx: ð35Þ

The main simplified assumptions to obtain Equation
(33) are as follows: (a) the parent orbits are nearly circular;
(b) the eccentricities and inclinations are considered to be
the same as the parent orbit and not affected by the pertur-
bation forces during evolution. Therefore, the distribution of
the eccentricities and inclinations can be approximately for-
mulated as the Dirac distribution δði0Þ, δðe0Þ. It seems rea-
sonable to make these assumptions due to our weak-
collision consideration and previous simulation results.
However, the eccentricities are surely to be varied by the
atmospheric drag. This effect is neglected here. For exten-
sions to modeling the evolution of the distribution of the
eccentricity, one can refer to the work in [36]. In the follow-

ing parts, we validate the analytical propagation method for
evolution of debris clouds in the SSO region.

3.4. Results. In this subsection, we mainly focus on the colli-
sion event with the parent SSO at an altitude of 800 km. The
method can also be applied to other cases. There are other
two reasons for choosing the altitude 800 km as a numerical
example. Firstly, according to the work in reference [23], the
LEO spatial density of unclassified cataloged objects and cat-
aloged intact objects (spacecraft and rocket bodies) is the
highest around 800 km. This can be seen in Figures 3 and
4 of reference [23]. Therefore, a parent orbit with an altitude
of 800 km is the most interesting case. Secondly, we want to
compare the results of the SSO with those of a lower inclina-
tion orbit (30 deg) in [6, 8]. In the numerical example of
their work, the parent orbit is a LEO with an altitude of
800 km.

To view the dispersion process of fragments in spatial
space, we denote the parent orbit plane as the p-q plane with
the p-axis pointing to the breakup point and the q-axis
orthogonal to the p-axis forming a right-handed coordinate.
The evolution process of debris clouds in both the p-q plane
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Figure 9: Evolution of the debris density in the argument of perigee (red curve: numerical method; blue curve: analytical method).
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and the radial-normal plane is presented in Figure 6 with the
numerical calculation. In the numerical propagation, the
main perturbation forces that we include are J2-J4 harmonic
terms of the gravity field, the atmospheric drag, and the solar
radiation pressure.

The red circle in the subfigures represents the parent
orbit, and the large point marked in black is the breakup
point. Other relatively small points represent the fragment
projection on the plane. One can observe that during the first
few days, the fragments are almost concentrated along the
parent orbit. If the Kepler orbit is considered, the breakup
point will be a pinch point. However, this is not the case here
because both the J2 term and the atmospheric drag are
included. Due to the isotropic ejection velocity assumption,
Figures 6(b), 6(d), 6(f), and 6(h) illustrate that the distribu-
tion of fragments in the normal direction is increasingly
scattered. Figures 6(a), 6(c), 6(e), and 6(g) show that the
debris clouds become more and more dispersed.

To validate the analytical propagation method, we com-
pare the results with the numerical density propagation
fragment by fragment. During analytical propagation, it is
noteworthy that the parameter ε in formula (33) is not a
constant but a function of the area-to-mass ratio. We adopt
a strategy similar to that in references [6, 8]: dividing the sets
of fragments into certain subsets according to the area-to-

mass ratio. Here, we choose to divide them into 10 bins,
and the area-to-mass ratio is set as the mean value in each
bin. Firstly, the density nða,Ω, ω, tÞ is obtained from expres-
sions (32) and (33). Then, formulas (11), (12), and (13) are
applied to derive the densities nða, tÞ, nðΩ, tÞ, nðω, tÞ. The
evolution of the debris cloud density in a,Ω, ω with both
analytical and numerical approaches is plotted in Figures 7–9.

From Figure 7, we can observe that the peak point
always corresponds to 7173 km approximately, namely, the
semimajor axis of the parent orbit. Moreover, the heights
of peaks are decreasing. Figure 8 shows the density evolution
of the RAAN. We can verify that the locations of the peaks
are moving almost consistently with formula (9). It is note-
worthy that Figures 8(c) and 8(d) present some violent oscil-
lations near the peaks for the analytical methods, which
reflect the increased errors at 400 days and 600 days. In par-
ticular, there exist obvious differences between two methods
at 600 days when the RAAN lies between 150 deg and
300 deg. This is mainly due to the simplified assumptions
and approximations in deriving the analytical expression,
such as the neglect of the solar radiation pressure. The dis-
continuity of the blue curve presented in Figure 8(d) also
indicates the limitations of the currently employed analytical
methods. How to improve the accuracy of analytical
approach and avoid this situation is an interesting topic,
which is left as our future work. Figure 9 yields that argu-
ments of perigee are distributed more randomly. In general,
the analytical results (the blue curve) are in good agreement
with the numerical results (the red curve).

Based on the density, many statistical quantities can be
calculated with formulas (11), (12), and (13). We here pres-
ent the evolution of log ðAðtÞEðtÞÞ and the mean RAAN for
the debris clouds shown in Figure 10. Figure 10(a) validates
the idea that the AðtÞEðtÞ are always larger than 1. This ver-
ifies the conclusion in Proposition 1. When the time is
between 120 days and 360 days, this quantity is
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Figure 10: Variation of some statistical quantities for debris clouds near SSO at 800 km.

Table 2: Relative error ðem, esÞ of debris density for numerical and
analytical propagation approaches.

Time/day Semimajor axis RAAN Argument of perigee

10 (0.02, 0.14) (0.01, 0.04) (0.12, 0.28)

200 (0.05, 0.16) (0.08, 0.14) (0.10, 0.20)

400 (0.11, 0.23) (0.05, 0.25) (0.17, 0.22)

600 (0.13, 0.21) (0.14, 0.37) (0.25, 0.24)
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monotonically decreasing. At 360 days, it experiences a sud-
den increase. Figure 8(b) illustrates that the analytical
approach can model the RAAN dispersion behavior very
well, except for the time around 360 days. Note that 360 days
is approximately equal to the nodal precession period of
SSO, i.e., 365.24 days. The error around 360 days can be
explained as a “resonance” effect in some sense.

To analyze the accuracy of the analytical approach, we
consider two kinds of indicators:

em = max nA −max nN
max nN

, ð36Þ

es =
Ð

nN − nAð Þ2� 1/2Ð
n2N

� 1/2 , ð37Þ

where nA and nN correspond to the density with the analyt-
ical and numerical approaches, respectively. The indicator
em reflects the relative differences of the maximal value or
the peaks, while es actually measures the mean square error
by integration. Table 2 shows the relative error for these
two approaches. The relative error em is usually less than
0.15 when the propagation time is less than 600 days (except
for the case of the argument of perigee). This implies that the
analytical approach can capture the characteristics of peaks
well. However, the mean square root error es can even reach
0.37 when the propagation time is 600 days. For other cases
listed in Table 2, es is usually less than 0.25. Therefore, the
analytical approach is applicable when the propagation time
is less than 400 days.

The running time advantage is the most evident, which
has already been pointed out by many researchers. The
programs are built by Matlab2018b in a laptop with a CPU
with 4 kernels at 1.80GHZ. The computation time for the
numerical approach is longer than 14 hours if the propaga-
tion continues for 400 days. However, the analytical
approach takes about 10 minutes. The time taken for the ana-
lytical approach is also closely related to the number of bins
we choose for the division.

Here, we may compare the results with those in a previ-
ous work by Letizia et al. [8]. In that work, the parent orbit
was also at 800 km, but the inclination was 30deg. They
showed that the band of debris clouds was approximately
formed after 150 days. For debris clouds near SSO at
800 km, Ashenberg’s estimation concluded that the band for-
mation time should be about 154 days, as shown in Figure 4.
However, Figures 8 and 9 illustrate the concept that for debris
clouds near SSO at 800 km, the band is not formed even after
400 days. The debris cloud is still far from band formation
after 154 days. In fact, it is questionable to regard the band
formation as the search between the slowest and the fastest
fragments. The band formation is a global property. Except
for testing the ðω,Ω,MÞ distribution, the entropy may be a
promising quantity due to its physical meaning.

In the following, we use entropy to explain the differences
in band formation time for these two cases. Figure 11 plots
the variation process of the RAAN and the argument of peri-
gee entropy for the debris clouds near SSO at 800 km. To be
compatible with the definition of density, we choose to use
the discrete form of entropy, as discussed in Remark 3. In for-
mula (26), N is set to 100, the number of intervals we specify.
Thus, the maximal entropy of the uniform distribution is
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Figure 11: The entropy evolution for debris clouds near SSO at an altitude of 800 km compared to an orbit with an inclination of 30 deg and
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log 100 ≈ 4:605, corresponding to the red lines in Figure 11.
One can observe that the RAAN entropy SΩ is increasing
when the time is less than 400 days. For the debris clouds in
reference [8], the RAAN entropy SΩ is larger than that of
SSO and reaches a relatively stable value after 150 days. The
convergence behavior is evident. In addition, it can be
observed that the entropy Sω always varies slowly, but its value
is larger than SΩ in both cases. In terms of formula (26), the
LHS provides a lower bound estimate for the entropy. For
the RAAN, the LHS can be verified to be nonpositive for both
cases. Therefore, it is not plotted in Figure 11(a). We can
obtain that the entropy of RAAN at 400 days in these two
cases is 4.366 and 3.995, respectively. In other words, the
entropy of RAAN for debris clouds near SSO is about 8.5% less
than that of the other case. This illustrates that RAAN for
debris clouds near SSO is more concentrated. However, for
the argument of perigee, the lower bounds are plotted as
dashed curves in Figure 11(b). One can observe similar varia-
tion trends for the lower bound and entropy.

4. Conclusion

In this work, we utilize the continuity equation to give a fully
analytical description of the evolution of space debris clouds
near SSO, including the density in terms of the semimajor axis,
RAAN, and argument of perigee. For a projectile with a mass
of 100 g and a collision velocity of 1 km/s, we analyze the initial
distribution of fragments after noncatastrophic collision
events with satellites in SSO at 500km, 800 km, and 1200km
based on the NASA breakup model. Then, we concentrate
on orbital evolution of debris clouds near SSO at 800km. After
comparing with the numerical propagation method, we find
that the analytical approach is applicable to model debris
clouds within 400 days. The maximal peak error is within
0.17, and the mean square error is about 0.25. Furthermore,
the entropy is applied to describe the global randomness of
debris clouds. We show that band formation can be defined
as the maximal entropy of debris clouds. It can be concluded
that the band is not formed within 400 days. Compared with
debris clouds near an orbit with an inclination of 30deg, the
entropy of the RAAN is 8.5% less, and the concentrating
behavior is more evident here. This reflects some special pre-
cession properties of debris clouds near SSO.

The possible aspects of future work include improving
the analytical propagation method, estimating the band for-
mation time based on the entropy, and calculating the colli-
sion risk between debris clouds and spacecraft before the
band formation. Analytical approach considering more per-
turbation effects can model the evolution of debris clouds
more accurately. Based on the debris density, Letizia et al.
[7] evaluated the collision probability after the band forma-
tion through the Poisson distribution. However, the orbital
elements of fragments can be highly correlated during the
early phases of debris clouds. The Poisson distribution is
not applicable in this case. For debris clouds near SSO, the
band formation usually takes more time. Therefore, analyz-
ing the collision probability before the band formation also
deserves more attention.

Appendix

Proof of Theorem. (2) for completeness, we here present a
clear discussion. When f is less than 1 for Ω ∈ ½0, 2π�, the
right hand side of (22) is nonpositive. Without loss of gener-
ality, we assume that f may be larger than 1 and denote g
= ð f − 1Þ+. Therefore, we obtain that the left hand side of
(22) can be estimated by the function g as

LHS ≥
ð
g2dmΩ

� �1/2
+
ð
g2dmΩ ≜ A: ðA:1Þ

Moreover,

RHS ≤ 1
2

ð
g + 1ð Þ log g + 1ð ÞdmΩ ≜ B: ðA:2Þ

For g ≤ 1, we have

1
2 g + 1ð Þ log g + 1ð Þ ≤ log g + 1ð Þ ≤ g: ðA:3Þ

For g > 1, we have
1
2 g + 1ð Þ log g + 1ð Þ ≤ g 1 + log gð Þ ≤ g 1 + gð Þ = g + g2:

ðA:4Þ
Therefore, for g ∈ R, we can conclude that

B ≤
ð
g + g2
� �

dmΩ ≤
ð
g2dmΩ

� �1/2
+
ð
g2dmΩ = A: ðA:5Þ

This implies the desired inequality.

Notations

a: Semimajor axis, km
e: Eccentricity
i: Inclination, deg
ω: Argument of perigee, deg
Ω: Right ascension of the ascending node, deg
M: Mean anomaly, deg
f : True anomaly, deg
h: Angular moment, kg‧m2/s
b: Semiminor axis, km
r: Distance from the center of the Earth, km
mt : The mass of target spacecraft, kg
mp: The mass of projectile, kg
μ·: Mean value of a normal distribution
σ·: Standard deviation of a normal distribution
vc: Relative collision velocity, km/s
A/m: Area to mass ratio of debris, m2/kg
Re: The radius of the Earth, 6378.136 km
μ: Gravitational constant, 3:986 × 105 km3/s2
ns: Mean angular velocity of the Earth around the sun,

rad/s
l, lc: Characteristic lengths of space debris, cm
u: Argument of latitude, deg
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nð·, tÞ: Number density of a variable at time t
S·ðtÞ: Entropy of a variable at time t
Cd : The drag coefficient of fragments
ρ0: The reference atmospheric density, 1:17 × 10−14 kg/

m3

H0: The altitude of the collision event, km
H: The scale altitude in the exponential atmosphere

model, 124.64 km [35].
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