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Dirac cloud is in absence in general relativity since the superradiance mechanism fails to work for Dirac fields. For the first time,
we find a novel mechanism to support Dirac clouds, which is independent on superradiance mechanism. We study quasibound
states of Dirac particles around a charged spherical black hole in dilatonic gravity. We find that the quasibound states become real
bound states when the central black hole becomes extremal. We make an intensive study of the energy spectrum of the stationary
clouds for different fine structure constant μM and reveal the existence condition of these clouds. Our result strongly implies that
extreme dilatonic black holes behave as elementary particles.

The black hole uniqueness theorem is a milestone in black
hole physics, which implies that numerous characters, such
as multipoles, baryon number, lepton number, and chemical
composition, of the progenitor will be dissipated in the for-
mation process of black holes except mass, electric charge,
and angular momentum in Einstein-Maxwell theory [1].
Since the proposition of the uniqueness theorem, explora-
tions of new hair of black holes never cease. To find an ana-
lytical metric of a hairy black hole is certainly admirable but
extremely difficult. Back to general tradition in physics, a
feasible approach is to introduce a small perturbation
around a black hole and then to observe the evolution of
the small perturbation. If the perturbation can enter a sta-
tionary state, it becomes a cloud of the hole, just like an elec-
tron cloud in a hydrogen atom. If one further considers the
back reaction of the cloud to the metric, one may reach a
hairy black hole [2, 3].

The most important and practicable road to develop a
cloud in astrophysics depends on superradiance mechanism.
The superradiance mechanism is an extension of the Klein
paradox, which says that more particles will be excited when
a scalar particle scattered by a special potential. Physically,
the collision of the particle and the potential leads to pair
production, and the antiparticle with negative energy is
absorbed by the potential. For a rotating (Kerr) black hole,
a scalar particle passing through the ergosphere, i.e., scat-
tered by the effective potential of the ergosphere of the hole,
may generate more particles sensed by observers at spacelike

infinity. This is the black hole superradiance mechanism.
There is a complementary effect of superradiance, which
reduces the particle number around a black hole. This may
be dubbed super absorption effect, which indicates that any
surrounding particles of a black hole has a probability to
permeate into the hole because of quantum tunneling effect.
If the superradiance and super absorption effects get a fine
balance, the life time of surrounding particle of a black hole
can be very long, even longer than the age of the universe. In
this case, the surrounding particles compose a cloud of a
black hole [4–7].

A point worth emphasizing is that the superradiance
mechanism works only for Boson. Because of Pauli’s exclu-
sion principle, Fermion never undergoes superradiance pro-
cess, while the super absorption mechanism still works for a
Fermion and has no complementary mechanism to balance
it. The conclusion is that Dirac particles cannot develop a
cloud around a black hole since they inevitably infiltrate into
the hole and disappear soon. Fermions are fundamental
bricks of the universe. It is quite significative to find novel
mechanism to develop a Dirac cloud for a black hole.

We will show that a stationary Dirac cloud around a
GMGHS (Gibbons-Maeda-Garfinkle-Horowitz-Strominger)
black hole is able to survive when the hole becomes an
extreme one. The GMGHS solution in dilatonic gravity is
an influential solution, which is originally presented as a
black hole in low-energy heterotic string theory [8, 9]. Dila-
tonic gravity (scalar-tensor theory) is a historic and alive
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theory of modified gravities, which can be traced back to
Kaluza-Klein compactification and Dirac’s large number
hypothesis. Many different modified gravities reduce to dila-
tonic gravity at low energy limit.

The dilatonic black hole we consider here is described by
the GMGHS metric

ds2 = −Fdt2 + F−1dr2 + r2G dϑ2 + sin2ϑdφ2� �
, ð1Þ

with FðrÞ = 1 − r+/r and GðrÞ = 1 − r−/r, where r+ = 2M and
r− =Q2/M. The black hole mass and charge are given by M
and Q, respectively. It is useful to parameterize the black
hole charge by q =Q/Qmax = 1 − e−η. The black hole becomes
extremal when η⟶∞.

We first consider the quasibound states of massive Dirac
fields in GMGHS spacetimes. The equation of a massive
Dirac field in curved spacetime is written as

γα ∂α − Γαð Þ − μ½ �Ψ = 0, ð2Þ

where μ, Ψ, and Γα are the mass, the Dirac-four spinor, and
spinor connection matrices, respectively. A suitable choice of
matrices γμ obeying the relation γμγν + γνγμ = 2gμν

dilaton is
given by γμ = eμabγa, where eμa are tetrad fields and matricesbγa are defined by the flat space Dirac matrices ~γa as follows:bγ0 = i~γ0, bγ1 = i~γ3, bγ2 = i~γ1, and bγ3 = i~γ2, with

~γ0 =
0 I2

I2 0

 !
, ~γj =

0 σ j

−σj 0

 !
: ð3Þ

The spinor connection matrices are written as

Γα = −
1
4gμνe

μ
ae

ν
b;αbγabγb: ð4Þ

Using the metric (1), we find the explicit form of the
components of Γα

Γt =
F ′
4 bγ0bγ1, Γr = 0,

Γϑ =Wbγ1bγ2,

Γφ =W sin ϑbγ1bγ3 + cos ϑ
2 bγ2bγ3,

ð5Þ

where

W rð Þ = r
4

ffiffiffiffi
F
G

r
2
r
+ d
dr

� �
G: ð6Þ

Defining Φ = rG1/2F1/4ðsin ϑÞ1/2Ψ, we can rewrite the
Dirac equation as [10]

i∂tΦ =HΦ, ð7Þ

where

H = ibγ0bγ1F∂r +
1
r

ffiffiffiffi
F
G

r
bγ1K − iμ

ffiffiffi
F

p bγ0,

K = ibγ1bγ0bγ2∂ϑ + ibγ1bγ0bγ3 csc ϑ∂φ:
ð8Þ

The angular operator K is Hermitian and commutes
with H, ½K ,H� = 0. Therefore, operators H and K have
simultaneous eigenfunctions, whose μ-th component can
be separated by

Φμ = Rμ rð ÞΘμ ϑ, φð Þe−iωt: ð9Þ

The angular part Θμðϑ, φÞ is determined by the require-
ment KΦ = λΦ, where λ is constant. The orbital angular
momentum and spin angular momentum are no longer con-
served quantities, respectively. λ denotes the quantum num-
ber of the total angular momentum. Boundary conditions at
ϑ = 0 and π determine a spectrum of nonzero integers of λ,
i.e., λ = ±1, ±2,⋯ [10].

Substituting the ansatz (9) into Equation (7) and replac-
ing the operator K by the number λ, we obtain HΦ = ωΦ.
After replacing the operator K by number λ, only two matri-
ces bγ0 and bγ1 remain explicitly in H. The radial factor can
therefore be represented by a two-component spinor

R =
R+

R−

 !
: ð10Þ

In this representation, the radial equations are given by

D±R± =C∓R∓, ð11Þ

where D± = F∂r ± iω and

C± =
1
r

ffiffiffiffi
F
G

r
λ ± iμr

ffiffiffiffi
G

p� �
: ð12Þ

It is very clear that the above two equations reduce to the
Dirac equation of the case of Schwarzschild when G = 1 [11].
One can eliminate one of the two dependent variables to
obtain a single second-order ordinary differential equation
for the other variable.

Generally, quasibound states are purely ingoing at the
event horizon and vanish at spatial infinity. Our aim is to
compute the quasibound states of massive Dirac fields in
nonextreme GMGHS spacetime. Close to r = r+, the ingoing
wave solutions of Equation (11) are given by

R± ~T ± r − r+ð Þ1∓1/4e−iωr∗ , ð13Þ

where r∗ =
Ð
dr/F is the tortoise coordinate and T ± is the

transmission coefficient. At infinity r⟶∞, the vanishing
solutions are given by

R± ~ rχekr , ð14Þ
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where k = −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2

p
and χ =Mðμ2 − 2ω2Þ/k. With these

boundary conditions, we solve the second-order equation
of R+ derived from Equation (11) to obtain the quasibound
state frequencies. To get high accurate eigenfrequency of
the quasibound state, the spectral method is used to solve
this eigenvalue problem.

For bounded modes with ω < μ, the field cannot propa-
gate to spatial infinity. However, the system is still noncon-
servative, since the field will leak into the black hole
through the horizon. Therefore, the quasibound state fre-
quencies are in general complex, i.e., ω = ωR + iωI . We find
that ωI is always negative for Dirac fields in nonextreme
GMGHS spacetime, which excludes the existence of station-
ary states in this case. Physically, negative ωI implies that the
Dirac particles have probabilities to permeate into the black
hole.

Figure 1 shows the typical numerical results of the quasi-
bound state frequencies as functions of η. We see that both
ωR and ωI are sensitive to the values of η or the black hole
charge. In particular, when η≫ 1, ωR tends to be constant,
and jωI j decays to zero exponentially. This result is in anal-
ogy with the case of a massive scalar field in nonextreme
GMGHS spacetime [12]. It was shown that in the extreme
limit η⟶∞, the potential barrier becomes infinitely wide,
and the tunneling effect could be completely suppressed.
Therefore, real bound states with ωI = 0 may exist for mas-
sive fields in extreme GMGHS spacetime.

As a comparison, in Figure 2, we plot the imaginary part
of eigen frequencies of quasibound state of Dirac particles on
the back ground of a Reissner-Nordstrom black hole, which
is the corresponding one of GMGHS in general relativity.
Note that we have parameterized the RN charge in the same
way, i.e., QRN/QRN,max = 1 − e−η. From Figure 2, it is clear
that Dirac particles permeate into an extreme RN hole since
the imaginary part of the eigen frequencies goes to constant
when the hole becomes extremal, while the permeating pro-
cess will cease for an extreme GMGHS hole.

With the above observations, we have every reason to
conjecture that an extreme GMGHS black hole permits real
bound state of Dirac particles. To investigate the existence of
real bound states of massive Dirac field, we solve the Dirac
equation in extreme GMGHS spacetime, in which F = G =
1 − r+/r, and C± = ðλ ± iμr

ffiffiffi
F

p Þ/r (see Equation (12)). First,
we eliminate R− in Equation (11) to obtain the second-
order equation of R+ and introduce a new dimensionless
coordinate

x ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − r+ð Þμp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r − r+ð Þμp

+ 1
∈ 0, 1½ �: ð15Þ

The black hole horizon is reached when x = 0, whereas
the infinity is denoted by x = 1. Then, the second-order
equation of R+ can be written as

d2

dx2
+C1

d
dx

+C2

 !
R+ = 0, ð16Þ

where the form of C i is too cumbersome to be presented
here. One can also eliminate R+ to obtain the second-order
equation of R−, but the final result remains unchanged.

To obtain the proper boundary conditions, we first
investigate the asymptotic behavior of the Dirac equation
in the background of an extreme hole. At infinity, the
asymptotic solution of Equation (16) is given by Equation
(14). However, the ingoing waves at the horizon (13) are
no longer asymptotic solutions of the radial equation.
Instead, the exact regular solutions (with Mω ≤ jλj/2Þ at this
boundary are now given by

R+ ~ x2α, ð17Þ

where α =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4M2ω2

p
. We seek the solutions of Equation

(16) obeying boundary conditions (14) and (17). This is an
eigenvalue problem of ω. We apply the spectral method
together with the Newton-Raphson method [13]. This
enables us to determine the eigenvalue of ω and the corre-
sponding radial function simultaneously. After fixing λ, we
find a series of solutions by sweeping the μ space. The
numerical results are presented in Figures 3–6.

In Figure 3, we plot the frequency of the ground states
for different values of λ. As expected, these frequencies are
purely real, and they are exactly the extreme limit of the qua-
sibound state frequencies in the nonextreme case. Thus, the
solutions we have found are real bound states, as they will
not grow or decay with time. Thus, the particles in bound
state develop a stationary cloud over the black hole horizon.

More interestingly, when μM≪ 1, the real bound state
we have found has a hydrogen-like spectrum [14, 15]

ω ≈ μ 1 − μ2M2

2~n2
� �

, ~n = n + ℓ + 1, ð18Þ

where n = 0, 1, 2,⋯ is the node number of the radial func-
tions, whereas ℓ = jλ + 1/2j − 1/2 = 0, 1, 2⋯ is the orbital
angular momentum. The energy level is determined by the
principle quantum number ~n = 1, 2, 3,⋯. The consistency
between Equation (18) and numerical results is presented
in Figure 4.

Except for ground state, we further explore the excited
bound state. Figure 5 shows the bound state frequencies of
the first two excited states. A common feature of Figures 3
and 5 is that some of the curves have endpoints on the right
side, which implies that no bound states exist when μM is
greater than some critical value. In fact, we find that
approaching to the critical value of μM, parameter α defined
in Equation (17) tends to zero; as such, the regularity of the
radial function at the horizon becomes delicate.

In Figure 6, we show the radial functions of the bound
states marked in Figure 5. Although the eigenvalue of ω is
purely real, the corresponding radial functions are in general
complex. As expected, we see that all the radial functions,
both the real and imaginary parts, are smooth and finite in
the whole range of x. Thus, we conclude that the extreme
GMGHS can support stationary Dirac clouds.
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We present a detailed analysis of the mechanism for this
Dirac cloud. We have found that extremal GMGHS black hole
can also support stationary scalar clouds in its exterior space-
time [12]. The mechanism for Dirac clouds in GMGHS black
hole spacetime is similar to the scalar field. First, we illustrate
the mechanism for the scalar clouds. After separation of vari-
ables, the radial function of the scalar field is given by

d2ψ
dr2∗

+ ω2 − Vl rð Þ	 

ψ = 0, ð19Þ

with r∗ =
Ð
dr/F is the tortoise coordinate, and the effective

potential is given by

Vl rð Þ = F rð Þ
G rð Þ

F ′ rð Þ
r

+ l l + 1ð Þ
r2

+ μ2G rð Þ
" #

−
2M2q2

r4
F rð Þ
G rð Þ2 1 + q2

2 1 − 6M
r

� �� �
:

ð20Þ
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We plot the potential as functions of r∗ in Figure 7. In
Figure 7(a), we see that the width of the potential barrier
increases monotonously with the increase of η. In the extreme
limit η⟶∞, the width of the potential barrier increases
without bound, whereas the height tends to ω2

0 ≡ ð2l + 1Þ2/16
M2. In this case, the potential (20) can be written as

Vl rð Þ = l l + 1ð Þ
r2

+ M
r3

2 − 3M
r

� �
+ F rð Þμ2: ð21Þ

One may check that Vlðr⟶ 2MÞ = ω2
0. This implies that

a low frequency mode with ω < ω0 coming from infinity will
be totally reflected back to infinity by the potential barrier. If
the scalar field has a nonzero mass (μ ≠ 0), a potential well
appears at r∗/M ≈ 0, as is shown in Figure 7(b). Since both
sides of the potential well are infinitely wide, real bound states
with ωI = 0 do exist. Clearly, the bound state frequencies are
purely real and must obey ω <min fω0, μg.

In obtaining the bound state solutions, we choose
boundary conditions as follows. At infinity, the potential
tends to μ2, and the most general solution of the radial Equa-
tion (19) is given by

ψ = C1e
−
ffiffiffiffiffiffiffiffiffi
μ2−ω2

p
r∗ + C2e

ffiffiffiffiffiffiffiffiffi
μ2−ω2

p
r∗ : ð22Þ

For bound states, we have C2 = 0. At the horizon, Vl
ðr⟶ 2MÞ = ω2

0, and the most general solution is

ψ = B1e
−
ffiffiffiffiffiffiffiffiffiffi
ω2
0−ω2

p
r∗ + B2e

ffiffiffiffiffiffiffiffiffiffi
ω2
0−ω2

p
r∗ : ð23Þ

Close to the horizon r∗ ⟶ −∞, we have B1 = 0 for
bound states. Thus, the near horizon behavior of the
radial function is

ψ r⟶ 2Mð Þ ~ e
ffiffiffiffiffiffiffiffiffiffi
ω2
0−ω2

p
r∗ ~ r − 2Mð Þβ, ð24Þ

where

β = 2M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 − ω2

q
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l + 1

2

� �2
− 4M2ω2

s
: ð25Þ

Clearly, for bound states with ω < ω0, β is purely real,
and the radial function is vanishing at the horizon. Note
that Equation (24) does not represent a purely ingoing
wave at the horizon for ω < ω0. As discussed above, when
the GMGHS black hole is extremal, the potential does not
vanish at the horizon, and the ingoing wave is no longer
an asymptotic solution of the radial equation. Imposing
vanishing boundary conditions on both sides, we find
the eigenfrequencies of the scalar cloud

ω = μ 1 − μ2M2

2~n2
+ μ4M4 15

8~n4
−

2
~n3L

� �
+ O μ6M6� �� �

, ð26Þ

where L = l + 1/2 and ~n = n + l + 1. The frequency is
purely real and is exactly the extreme limit of the quasi-
bound state frequency in the nonextreme case [12].

In summary, the existence of scalar clouds around the
extremal GMGHS black hole is resulting from a nonvanish-
ing potential at the horizon. Such solutions do not exist in an
extremal RN black hole spacetime, since the effective poten-
tial is always vanishing in the RN case.

Let us now discuss the mechanism for Dirac clouds. We
first eliminate R− to obtain the second-order equation of R+.
Then, by introducing a new radial function H+ =C1/2

− R+, we
rewrite the second-order equation in the Schrödinger-like
form
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d2

dr2∗
H+ + ω2 −V+

� �
H+ = 0, ð27Þ

where

V+ =C+C− +
3
4

C ′−
C−

 !2

−
C ′′− − 2iωC ′−

2C−
, ð28Þ

and C± is defined in Equation (12). Here, prime denotes the
derivative with respect to r∗. Note that the effective potential
of the radial equation is not real. For this reason, we cannot
exhibit the potential well as before. However, the potential
behaves similarly at the horizon, i.e., when the GMGHS
becomes extremal, the potential does not vanish at r = r+.
We find that V+ðr⟶ r+Þ = λ2/4M2 = ð2j + 1Þ2/16M2, for
η =∞ (q = 1), where j is the total angular momentum.
Therefore, the most general solution of the radial Equation
(27) at r = r+ can be written as

H+ = B1e
−αr∗ + B2e

αr∗ , ð29Þ

where

α =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − 4M2ω2

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j + 1

2

� �2
− 4M2ω2

s
: ð30Þ

One can see that this is very similar to Equation (25) for
scalar clouds. Again, we have B1 = 0 for bound states. Thus,
the radial function of the bound state obeys the boundary
condition

R+ ~ eαr∗ ~ r − 2Mð Þα ~ x2α, ð31Þ

at the horizon (see Equation (17)). Although the mechanism
for Dirac clouds is not as obvious as that of the scalar clouds,
it is a natural extension of the latter one.

Now we make a concise summary of this letter. To find a
cloud is a key step to find the hair of a black hole. Generally,
the existence of cloud depends on superradiance mecha-
nism, while for Dirac particles, such a mechanism does not
work. We demonstrate that Dirac cloud exists over an
extreme GMGHS black hole. We first investigate the quasi-
bound states of Dirac particles around a GMGHS black hole.
Then, we show that the quasibound states will be real bound
ones when the hole becomes extremal. We then directly
solve the Dirac equation in the background of an exactly
extreme GMGHS hole and find bound states of the Dirac
particles. These bound states are stationary, and in particu-
lar, they are exactly the extreme limit of the quasibound
states in nonextreme backgrounds.

The other interesting point related to our results is the
proposition that extreme dilatonic black hole behaves like
an elementary particle. The entropy of extreme GMGHS
black hole is zero, which implies that it may have no internal
freedoms, or its internal freedom can never be detected by
an observer outside the horizon. This property leads to a
conjecture such a hole may behave followed by an elemen-

tary particle. Our results demonstrate that an external Dirac
cloud around a GMGHS black hole never decays, which pre-
sents intense evidence that extreme dilatonic black holes
behave as elementary particles [16].

Data Availability

The data used to support the findings of this study are avail-
able from the authors upon request.

Conflicts of Interest

The authors declare that there is no conflict of interest
regarding the publication of this paper.

Acknowledgments

This work is supported by the National Key Research and
Development Program of China (No. 2020YFC2201400),
as well as Shandong Province Natural Science Foundation
under grant No. ZR201709220395.

References

[1] J. D. Bekenstein, “Transcendence of the law of baryon-number
conservation in black-hole physics,” Physical Review Letters,
vol. 28, no. 7, pp. 452–455, 1972.

[2] C. A. R. Herdeiro and E. Radu, “Kerr black holes with scalar
hair,” Physical Review Letters, vol. 112, no. 22, article 221101,
2014.

[3] J.-P. Hong, M. Suzuki, and M. Yamada, “Spherically symmet-
ric scalar hair for charged black holes,” Physical Review Letters,
vol. 125, no. 11, article 111104, 2020.

[4] Y. Huang and D.-J. Liu, “Type-II Dirac fermions in the PtSe2
class of transition metal dichalcogenides,” Physical Review B,
vol. 94, no. 12, article 064030, 2016.

[5] Y. Huang, D.-J. Liu, X.-H. Zhai, and X.-Z. Li, “Scalar clouds
around Kerr–Sen black holes,” Classical and Quantum Grav-
ity, vol. 34, no. 15, article 155002, 2017.

[6] S. Hod, “Stationary scalar clouds around rotating black holes,”
Physical Review D, vol. 86, no. 10, article 104026, 2012.

[7] C. Bernard, “Stationary charged scalar clouds around black
holes in string theory,” Physical Review D, vol. 94, no. 8, article
085007, 2016.

[8] G. W. Gibbons and K. Maeda, “Black holes and membranes in
higher-dimensional theories with dilaton fields,” Nuclear
Physics B, vol. 298, no. 4, pp. 741–775, 1988.

[9] D. Garfinkle, G. T. Horowitz, and A. Strominger, “Erratum:``-
Charged black holes in string theory''[Phys. Rev. D 43, 3140
(1991)],” Physics Review, vol. 45, no. 10, 1992.

[10] D. R. Brill and J. A. Wheeler, “Assessment of Everett's" relative
state" formulation of quantum theory,” Reviews of Modern
Physics, vol. 29, p. 465, 1957.

[11] A. Lasenby, C. Doran, J. Pritchard, A. Caceres, and S. Dolan,
“Bound states and decay times of fermions in a Schwarzschild
black hole background,” Physical Review D, vol. 72, article
105014, 2005.

[12] Y. Huang and H. Zhang, “Quasibound states of charged
dilatonic black holes,” Physical Review D, vol. 103, article
044062, 2021.

7Research



[13] O. J. C. Dias, J. E. Santos, and B. Way, “Numerical methods for
finding stationary gravitational solutions,” Classical and
Quantum Gravity, vol. 33, no. 13, article 133001, 2016.

[14] I. M. Ternov, A. B. Gaina, and G. A. Chizhov, “Finite motion
of electrons in the field of microscopic black holes,” Soviet
Physics Journal, vol. 23, pp. 695–700, 1980.

[15] Y. Huang, D. J. Liu, X. Zhai, and X. Li, “Massive charged Dirac
fields around Reissner-Nordström black holes: Quasibound
states and long-lived modes,” Physical Review D, vol. 96, article
065002, 2017.

[16] C. F. Holzhey and F. Wilczek, “Black holes as elementary
particles,” Nuclear Physics B, vol. 380, no. 3, pp. 447–477,
1992.

8 Research


	Dirac Clouds around Dilatonic Black Holes
	Data Availability
	Conflicts of Interest
	Acknowledgments

